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A BOUT THE BOOK 


The book covers the U.P. UNIFIED syllabus of Vth semester of all U.P. (B.C.A.) 
colleges. 


% The book has been written in a simple, logical and systematic way. 


% 10 make the matter easy for understanding main topics have been divided into sub- 


topics and illustrative examples with complete solutions are given after theoretical 
discussion of each topic. When ever possible, alternative methods of solving problems 
are given. 


The basic concept of each topic is carefully and clearly explained. 


Each chapter includes a problem set containing routine, intermediate and challenging 
exercises. 


The book has been written to meet the requirements of students pursuing B.C.A. in 
colleges affiliated to Universities in U.P. . 


Solution of all problem sets are given at the end of each chapter for learners to practice. 


The goal of the book is to present a wide variety of applications of Numerical 
Methods ina flexible and accessible format. 


I have also made extensive use of question papers of the past ten years of Meerut, 
Agra, Kanpur, Rohilkhand, Avadh, Bundelkhand, Lucknow, Purvanchal and 
Other Indian Universities, so that after studying according to present book, the 
students will have a clear understanding of the subject and the type of questions they 
can expect at the university examination. 


Large number of attractive and accurate figures and graphs have been drawn which 
enable a student to grasp the subject in an easier way. 
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р REFACE 


I t gives me pleasure to place the book ‘Numerical Methods’ (All Universities in О.Р. 
for B.C.A. Vth semester) which has been completely made upto date in light of 


suggestions received from the students and esteemed teachers of various universities. 


The book is so written that it is self-contained for independent study as well. The 
arrangement and presentation is simple. The chapters have been arranged in a logical 
order. The theorems and problems have been stated carefully and whenever necessary 
complete proofs of the theorems have been given. All chapters are arranged according to 
the latest U.P. Unified Syllabus implemented from 2013-14 keeping in view the 
requirement of the students of B.C.A. vt^ semester of all universities in Uttar Pradesh 
(U.P.). Errors and omissions have been corrected. Up-to-date year wise references from 


various universities examination papers have been given throughout the book. 


Despite our best endeavours, some errors might have crept into the book. We hope to 


rectify them in the later reprints of this book through the kind cooperation of the readers. 


We hope that the book in its present form will prove to be benificial to the students. We 
shall also wish to receive your suggestions and comments about the book so that it could be 


further improved. 
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Chapter-1: Roots of Equations 


Unit- 1 


Chap ler 


Roots of Equations 


1.1 Method for the Finding the Roots (Zeros) of an 
Equation 


[B.C.A. (Agra) 2007, 2008] 

г е shall now discuss few methods which are applicable to both algebraic (with 

numerical coefficients) and transcendental equations. In finding the real roots of 

an equation, we first find an approximate value of the root of the given equation and then 

successively improve it to some desired degree of accuracy. The general technique is that 

we start with an initial approximate value, say хо and then find the better approximations 

successively Хү, x»,...., x; by repeating the same method. If the successive approximations at 

each step of a method approach the root more and more closely, we say that the method 
converges. 


1.2 Bisection Method (Bolzano Method) 


[B.C.A. (Rohilkhand) 2009: B.C.A. (Kanpur) 2006] 
If a function f(x) is continuous between a and band f(a) and f(b) are the opposite signs then there 
exists at least one root between a and b. Let (хо) be negative and f(b) be positive so that the 
approximate value of the root between them is xo = (a + b) /2. If /(хо) = О, then it asserts 
that xo is the correct root of f(x) 20. On the other hand, if f(x) #0, then the root 


either lies in between (a E J or Ё + b 2 


depending on wether f(xo) is negative or positive. We again bisect the interval and repeat 
the process until the root is obtained to desired accuracy. 


> 


1 | Numerical Methods 


SOLVED EXAMPLES 


Example 1: To find a real root of the equation. 
f(x)= x3 -х-1=0 [B.C.A. (Lucknow) 2008] 


Solution: Here f(I) 21-1-1- -1, f (2) 28-2-1- 5; hence the root lies in between (1, 2) 


i.e., the first approximation is ду = (3/2), again f(3/2) = (7/8) i.e, positive hence the 


1-1,5 
root is in between (1, 3/2); the second approximation being x = = 21:25. 


Кереайпе this process, we get the successive approximations as 


1.25 41.5 
зун 975 x3 =1.3125 
2 


X4 =1.34375 etc. 


1.3 Regula Falsi Method: (Method of False Position) 


[B.C.A. (Agra) 2003, 2004, 2007; B.C.A. (Avadh) 2004] 


This is the most oldest method for finding the real root Y 
of a numerical equation f(x) =0. To find the real root 
of the equation f(x) 20, we consider a sufficiently 
small interval (хү, Хо) in which the root lies. Since the 
root lies in the interval (Хү, Хә), the curve must cross 
the axis of x in between (хү, ху) and hence y = f(x), 


у» = f(x) have opposite signs. 


This method is based on the principal that any portion 
of a smooth curve is practically straight for a short 
distance and hence we may say that the x-co-ordinate 
of the point of intersection of the straight line joining 


(хү, у), (хә, Уә) and the axis of x gives an approximate value of the desired root. By the 
figure it is obvious that x = ОР is the approximate value of the desired root whereas 
x = OQis the actual value of the root. Now we shall derive a formula to compute the root. 


We have OP =OA+ AP =x, + AP (1) 
The triangles DPA and DRC are similar, so we have 
DA DR _, ур CR p, (ка) DA (оа) | n | 
AP CR DR DA + AR [л |+] » | 
Ород 21223111 РИИ ЦӘ 
ШИ Із» 


= Desired value of the root. 
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Let the desired value (which is approximate) be represented by x); then to find the 
better approximation, we evaluate yo by у = f(x), Now either po and yj or yo 


will be of opposite signs. In case yo and уу are of opposite signs then one root will lie the 
interval (хі, ху . Now again apply the method of false position to this interval to get 
second approximation. In case y? and уә are of opposite signs then second 


approximation is obtained by using the method of false position to the interval QD, хә). 


Continuing this process we can obtain the root to the desired degree of accuracy. 


1.4 Newton-Raphson Method 


[B.C.A. (Meerut) 2012; B.C.A. (Agra) 2003, 2004, 2008, 2009; 

B.C.A. (Kanpur) 2004, 2010; B.C.A. (Lucknow) 2006, 2009, 2012] 

Let хо be an approximate value of a root of the equation f(x) 20 , and let x + л be the 
exact value of the corresponding root, where Л is very small quantity. 


Then F(x +h) 20 (1) 
Since xo + Л 18 the root of the equation f(x) =0. 


Expanding (1) by Taylor’s theorem, we get 
№ 
(хо + h) = (хо) + hf’ (x9) + 21 F (хо) +...=0 


Since Л is very small, neglecting second and higher order terms and taking the first 
approximation, we have 


Жоо) + ЛР (хо) 20 => h=- J G9) , provided (ху) #0. 
ШЕ. 
Xp = ху them T : (2) 


Relation (2) gives the improved value of the root over the previous one. Now substituting 
xj for хо and x» for xj in (2), we get 
(х) 
X9 =% — f 1 43) 
Са) 


In general, we can get an approximation or the iteration formula 


_ Р(х) 


X. =X 
n+l n f(x) 


...(4) 


From this formula, we can calculate successive better values of the root. Formula (4) is 
known as Newton-Raphson Method. 


From above it is obvious that this method is applicable only when / is very small i.e., 
when f'(x) is large, in other words when the graph of the function near the root is nearly 
vertical. 


» 
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If f(x) is small in the neighbourhood of the root қ y = f(x) ә 
then the value of h is large and so by this method 3 ж 
the computation of the root will be slow process 
or may fail altogether. Therefore, this method is 


not suitable in those cases where graph of f(x) is 


nearly horizontal where it crosses the x-axis. This О 
method сап be used for both the algebraic and A M (Хаа) 
transcendental equations and also works for Fig. 1.2 
complex coefficients of an equation. 


Geometrical interpretation of Newton-Raphson’s Method. 
Equation of the curve is y = f(x) 
a (dy /ds) = f(x), 
> Slope of the tangent at B = f’(x,). ald) 


At the point A, у-0 ie. f(x) =0 or in other words, the point A is closer to the desired 
root than B. Let the co-ordinates of the point be (худ, 0). Then we һауе 


BM = fo) fo) ын f (xq) 


——— — implying х, — x, = F'n) 


Р(х) = ...(6) 


AM OM-OA Эх-х 


1.4.1 Cases of Failure of Newton’s Method  [B.C.A. (Rohilkhand) 2009, 2011] 


As discuss earlier, Newton's method fails if (хо) / f'(x9) is not small enough. This 
happens, when the graph of the function y = f(x) near the root is flat. Sometimes, the 
curve is not rather flat but a wrong choice of initial approximation leads to the failure of 
Newton's method. 


(i) (ii) 
Fig. 1.3 


The tangent at Бу (x = x9) meets the x-axis at А) thus giving more worse approximation of 


the root. This situation can be avoided by choosing initial approximation more close to Бу. 


Another case of failure is the situation where two roots of the equation are close together. 
In this case, the simplest initial approximation хо is also nearly parallel to x-axis. 
< 
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1.4.2 Comparison of Newton’s Method with the Regula-Falsi Method 
[B.C.A. (Agra) 2005, 2011] 

Newton’s method is conditionally convergent while Regula-Falsi is surely convergent. 

Once Newton's method converges, it converges faster. In Regula-Falsi method we 


calculate only one more value of function at each step i.e. f (хе while Newton’s method 


requires calculations of f(x,) and f'(x,) at each step. Hence Newton's method generally 
requires less number of iterations but requires more time for computations at each iteration. 
Newton's method is not always the best method a given problem, but due to its formal 
simplicity and faster speed, people often use it as the first method to solve the problem. 


Again when f'(x) is large near the root, the correction to be applied is smaller in case of 
Newton's method and then this method is preferred while if f'(x) is small near the root 
then correction to be applied is large and the curve becomes parallel to x-axis, so in this 
case Regula-falsi method must be applied. 


Generalised Newton’s Method for Multiple Roots: If о. is a root of f(x) 20 which is 


repeated m times, then we have 
X 
n Ln) 
ШЕ? 


XYn+l = Хр 


This is called generalised Newton's formula. It reduces (о Newton-Raphson formula at m = І. 


Note 1: Ifa is a root of f(x) -0 with multiplicity т, then it is also a root of Р(х) 20 


with multiplicity m —1, or f"(x) 20 with multiplicity т –2 and so on. Hence, if initial 
approximation xo is sufficiently close to the root, then the expressions. 


f'(xo) 
f" Q9) 


L Xo —(m—1) 


will have the same value. 


хә = т xo — (m - 2) 


Note 2: Generalised Newton's formula has a second order of convergence for determining а 


multiple root. 


Example 2: Find the double root of the equation i -3-x4120. 
[B.C.A. (Rohilkhand) 2008] 
Solution: Let f(x) = 9-2 +1-х 


=> Р(х) =3x7 -2x-1 f'(x) =6x-2 
Starting with xo =0.9, we obtain by xy — m Тод) ,т-2 
f'o) 
29 FO) оо. 2x0.019 _ ооз 
ШЕ? -0.37 
апа xo - (2-1) Гоо) 20.9 9.32 -1.009 
f" (xo) 3.4 
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Then the closeness of these values simply indicates that there is a double root at x =1. 
Further taking Хү =1.01 for the next approximation 
fon) -101 2 x.0002 


we have x -2 =1.0001 
Р(х) .0403 
А 0.040 
х-0-1 Л ба) -1.01- : =1.0001 which means that 3 a double root 
f' 6) 4.06 


at x 21.0001 close to x =1. 


Example 3: Obtain the cube root of 12. 
[B.C.A. (Meerut) 2002, 2004; B.C.A. (Kurukshetra) 2005, 2008, 2013] 


Solution: Let Ро) = № - 3, ә р(х) = 322. 
-— 
= Хи+1 = Xn — fe) -= Хү Е au = - | Xn + M 
Р(х) -3х, 3 Xn 


(General formula of cube root of N) 
Now we shall obtain cube root of 12. 


We have (81/5 -2 and(2 Ша =3; talking ду =2.5, we obtain 


i 2x25 - -3 99:38 23066 
3 (2.5) 3 25 


Bee ае Ба -2.2901 
3 (2.3006) 


Similarly, higher approximations can be obtained. 


1.4.5 Rate of Convergence of Newton's Method 

[B.C.A. (Meerut) 2012; B.C.A. (Agra) 2004; B.C.A. (Kanpur) 2007, 2010, 2013] 
Let p be the exact value of the root and let е, be the small quantity by which ху, differs 
from b i.e. x, = b + £j, implying х, іу =b + £,,j, whence Newton-Raphson's method gives 


b 
Xue] = Xn — Жоу) іг. D+ єр] =b + En- QUEM 
ЖЕ?) fb + en) 
(b + ёл) 
аыр) 4(1) 
n 
By Taylor's theorem, we have 
2 
£ 
fb + ез) = f(b) + Ey f'(b) + $51 ШО 
е2 
=e, f" (b) + 3i Р) +... Ce Ғ0)-0) 
апа f(b + є„) = f'(b) + е," (р) +... Putting these values in (1), we obtain 
РО) + 5" Р) +... 


En+l 7 En ё 


f(b) + e, f(b) +... 
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Lo if) fh 
2170) + Enf") "2Р0 m — 
n 2 f'(b) 


2 | rar 2 f") 
=n fh dlite, t ngo 2 
ТЕП ONT Fay, 295270) Би 


me 


From (2) it is obvious that the subsequent error is proportional to the square of the 
previous error and hence we may say that the convergence is quadratic. 


1.5 Nearly Equal Roots 


We know that Newton's Method is applicable only when f(x) #0 in the neighbourhood 
of the actual root x=b ie. in the interval (b — Jt b + h). But in practice the above 
restriction may not be satisfied and further, the quantity Л which satisfies this may be 
very small. This situation arises when the roots are very close to each other. To avoid this 
difficulty, we proceed as follows: 


By Rolle's Theorem, we know that Р(х) = О vanishes at least one time between two roots 
of f(x) = 0 and hence we can choose л sufficiently small to satisfy the interval (b — h, b + h) 
in case of nearly equal roots. When two roots are equal, say x 2 b, then f(x) and f'(x) 
both vanish at x = р. Hence while carrying Newton’s method if x; is very nearly the roots 
of f(x) and f'(x) i.e. f(xj) and Жар both are very small, then we shall proceed to obtain 
two new starting values for the two nearly equal roots. In order to obtain these two values 
for the two nearly equal roots. In order to obtain these two values we shall first apply 
Newton's method to the equation f'(x) =0 i.e., we use iteration formula 
229 
Ху = Т (1) 
] 


*Let x =d be the solution obtained by (1), then applying Taylor's Theorem, we get 


f(x) =(4 + (х-4)) 


2308 ved pa ! др f^ d) s... 
= f) = f) + 6 - d. fr) + ге fd) -0] 
Leaving cube and higher powers of (x — d), we get 
fe) - fd « 824^. pr 2) 


Hence the zeroes of f(x) near x =d are approximately given by 


fe)-0 = fld) +5 -dP fu) =0 
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> х=4+Х{-2 f(d) / fd}. B 


Now assuming these values as the starting values, we can find the two close roots by 
Newton's method. 


1.6 Rate of Convergence of Newton's Method When 
there Exist Double Roots 


Let b be the exact value of the root and xv, differs from b by the small quantity е. Then 


x,-2b £j, > хл =) + £,,] By Newton-Raphson Method we have х4] = x, — T : 
Xy 
Or ре Sree d Fem 
f(b + ey) 
b 
f(b + £y) 
e 2 
f(D) + Enf (b) + a 0) 2 f" (b) +... 
= En — 


7 " 2 /” е (iv) 
И qoe US 
(By Tailor's Theorem) 


єў ”(b) + е ”(р) $ 


=€ a. ЕНЕ 
г, f’(b) + 21 JT D) sue 
(г f(b) =0 = f'(b) as there exist double roots] 
5/0) + £2 p) 
= Ey — En ae [leaving higher powers] 


POs f(b) 


1 ГА En 72 
| 27 Becr (b) 
fra) + 2 frg) 


IPO 1. 2-1 
= ен. лу? En ЭГ Em 
2 f(b) 2 2 


which shows that the convergence is linear. Proceeding in the same manner we can prove 


that if x =} is root of multiplicity m >l, then the speed of convergence is given by 


т-1 


ГЭЭ = €,,, which is also linear. 


Roots of Equations 


Example 4: The equation хб — x* — x —1 = 0 has one real root between 1.4 and 1.5. Find 


the root to four places of decimal by false position method. 
[B.C.A. (Bundelkhand) 2010] 
Solution: For the first approximation, we take 
xp =1.4, y = -.056061 
Хә 21.5, yo Бо 


CREDE (.1) (.056061) 


Max Жин - 
|2» [+ | | 1.953125 + 0 .056061 


=y% + 


-14-.003-1.403. 


For the second approximation, we have 
xj 21.403, y 2 -.0167 
хә 21.402, y, 21.0056 


(.001) (.0167) 


= х0) =1.403 + —M— 
(.0056) + (.0167) 


=1.4037. 


Again, for the third approximation, we have 
xj 21.4036, yj = -.0001 
x9 =1.4037, уә «1.0004 


(.0001) (.0001) 


es x =| Apso NY 
(.0004) + (.0001) 


=1.4036 
= that the root is 1.4036. 
Example 5: Find a real root of the equation Х3-2х-5-0 by the method of false 
position correct to three decimal places. 
[B.C.A. (Kanpur) 2010; B.C.A. (Avadh) 2011; B.C.A. (Meerut) 2009] 
Solution: Let f(x) = x? -2x -5, Then, we have 
/@)=-1 and f(8)=16. 
= a root lies between 2 and 3. For the first approximation, we have 


д 22,x9 23, y = f(y) =—1, (хо) 216 = уу. 


Then, we have 


sls oO) КЕ 5231. 5 аа 
i |» |+ [л 17 


Hence root lies between 2.0588 апа 3. Hence f(2.0588) = – 0.3908 
For the second approximation, we again have 

xı 22.0588, x 23, (х) = – 0.3908, f(x5) 216. 
| бэ-301-1л | 0.9412 


22.05884 ———— (0.3908) 


=> х0) = х + | » n | J | 16.3908 


-2.0813 


1 Numerical Methods 
12 = — = ae 
= The root lies between 2.0813 and 3. 

Repeating this process, the successive approximations are given as 
x9) 22.0862, x9 22.0915, х) -2.0934, 
x) 22.0941, x” 22.0943 etc. 

Hence the root is 2.094 correct to 3 decimal places. 


Example 6: Find the root of the equation хех = cos x using the Regula-Falsi Method 
correct to four decimal places. [B.C.A. (Rohtak) 2013; B.C.A. (A.M.U.) 2011] 
Solution: Let f(x) = cos x -xe* 20 


> f(0) =1, f(I) = cos l-e 2 - 2.17798 


= the root lies between О and 1. Let us take 


Xx = 0, хо =1, f(x) = у =] 
f(x2)=-2.17798 = уу. 
By Regula-Falsi Method, we then obtain 
| (x2 7x) |.| л m 


хэхрж - ------хі-0.31467 2-00) 
|o» |+] | 3.17798 
Hence, the root lies in between (0.31467, 1). 
Now f(0.31467) -0.51987 
Then taking x; 20.31467, x2 =1, f(a) 20.51987, 
f(x.) = - 2.17798 in (1), we get 
x2) 20.314674 0-985339 51987 - 0.44673 
2.69785 
i.e., the root lie between 0.44673 and 1. 
Then f(0.4673) 20.20356. Then taking x; 20.44673, x) =1 
Жа) 20.208356 and /(хо) 2 - 2.17798 in (1), we obtain 
x8) 20 44673 + 0-293327 9 20356 =0 .49402 
2.38154 


Repeating this process, the successive approximations are given as 


x 20.50995, х0) =0.51520, x 20.51692 


x =0.51748, x €) =0.51767, х) =0.51775 etc. 


Thus the root is 0.5177 correct to 4 decimal places. 
< 


R E i | 
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Example 7: Find the real root of the equation x 1010 x —1.2 -0, correct to five places of 
decimal. [B.C.A. (Agra) 2006, 2013; B.C.A. (Lucknow) 2011] 
Solution: Let y = f(x) = x logjg x -1.2, when we have 

/@) =2 logo 2-1.2 22x(.30103) -1.2 = -.59794 

f(3) =3 10р) 3 -1.2 23x(.44712) - 1.2 = -.23138 


Hence, there exists at least one real root of the equation f(x) 20 in the interval (2,3) and 
it is closer to 3. 


For the first approximation, we get 


719 


x 


се = а E Ju], 59704 _ 
x) 23, уо =.23136 Е IM .82990 


Also, we have 
f (2.721) 22.719 x logyg (2.719) - (1.2) 

22.719 x(.43473) -1.2 

=1.1829 -12 2-.0188 
Further f(2.721) апа f(3) аге the opposite signs; so the root lies in between x 22.721 
and x 23.00. For the second approximation, we take 

Ё =2.719, y =-.3171 
Хә 23, yo -.23136 


А Bogia 0:7) 30) Ses 
(.3171) + (.23136) 


Also, we have (2.702) 22.7402 x log jg (2.7402) - 1.2 
-2.740 + (0.43778) - 1.2 
=1.1996 -1.2 = -.0004 
Again as f(2.740200) and f(3) are of opposite sign, so that root lies in the interval 
(2.7402 ,3) and it is closer to x 2 2.7402. 
For the third approximation, we have 
хр 22.7402, y, 2.0004 exe ) 
1 A M 49-2 7402 + 9 2.7402) (.0004) 
X9 =3, уу 2.23136 .0004 + .23136 
=2.7385 + .00044844 2 2.7405967 
> The root is 2.7406. 
Example 8: Find a real root of the equation f(x) — Х-х-1-0. 
[B.C.A. (Purvanchal) 2005, 2008; B.C.A. (Rohilkhand) 2009, 2013] 
Solution: f( =1-1-1=-1; f(2) 223 -2-1=5. Now ТО) is negative апа f(2) is 


positive so at least one root lies between | and 2. 


> 


Ж \ Numerical Methods 


So we take xy = - (12-2) 2 (3/2). 


Again f(x) = (27/8) — (3/2) - 12 (7/8), which is positive. But (1) and /(1.5) are of 
opposite signs so the root lies between 1 and 1.5 and therefore, we obtain 
141.5 


x = =1.25 


Further, / (ху) = - 19/64 , which is negative. Hence we conclude that the root lies between 
1.25 and 1.5 implying 


1.25 41.5 
vy = 21.375. 


Whence repeating the procedure, we obtain the successive approximations as 
хз =1.3125, x4 =1.34375, x5 =1.328125 etc. 


Example 9: Find the real root of the equation x? + 4 sin x = 0 correct to four places of 


decimal by using Newton's-Raphson Method. [B.C.A. (A.M.U.) 2007] 
Solution: We have х, 2x,— от) ,A20,1,2,... 
ШЕ? 
Let us take f(x) = x? +4sinx, 
> Р (x) 22x +4 cos x. 


х2 +4 sin x, 
=» Хин = у — 
2 x4 + 4 cos x, 


2 is to be 


By the equation it is obvious that it is satisfied only by a negative value of x as x 
positive always for all real values of x. By the graphical method, approximate value of the 
root is given by Хә = - 1.9. 

Again starting from xj -- 1.9, relation (1) gives 


хд +4 зїп х 


"LM aS + 4 cos хо 

Е (-1.9)? + 4 sin (-1.9) -1 3.61- 4 (0.945) 
2 (-1.9) + 4 cos (- 1.9) На -3.8 + (0.323) 

--1.93 

The second approximation, 
2 ; 82 
de ay +4 sin д] 21932 1.93) + 4 sin (- 1.93) 2.1.93 -0.0038 
2x, +4 cos xj 2 (-1.93 + 4 cos (- 1.93) 


=1.9338 


Example 10: Obtain Y (12), to five places of decimals by Newton’s Raphson Method. 
[B.C.A. (Agra) 2004, 2007, 2009; B.C.A. (Meerut) 2002, 2003, 2006, 2010] 


Solution: Let us take x = V (12) , so that x? -12 =0. From this it is obvious that x? -12 


becomes negative for x 23, whereas it is positive for x 23.5. Hence the root of 
x? -12 =O lies in the interval (3,3.5) . Further f(x) = x? -12 , so that the given equation 


is f(x) 20. Again f'(x) 22x. 
< 


R Equati à 
\oots of quations (15! 


Now Бу Newton’s-Raphson Method, we һауе 


(Xn) 
Xue] = 25 = 
n 
X ЭЭ 
> Xp = х9 - Рао) =3.5 QUEE [Taking ду 23.5] 
Жоо) 78-5 
2 _ 
Б жалы 771 
313.5) 
Again, we have 
2 2 
- 3.464)* -12 
pay = -а aga 0 ыу 
2x 2 (3.464) 
2 2 
25 — 3.4641)* -12 
jog i e p Ма ЕУ 
2 хэ 2 (3.4641) 


Hence up to four places of decimals, we get 
V (12) 23.4641. 


Example 11: The equation х6 — x4 — 32 -1 = 0 has one real root between (1.4, 1.5). 
Find this root to four decimal places by False Position Method. 
[B.C.A. (Agra) 2007; B.C.A. (Kanpur) 2008] 
Solution: For the first approximation, we take 
xj =1.4, y --0.56064 
M -1.5, yp 21.953125 
| 22-5 | A | .0056064 


= х9-х-1---1-1-14-:1------1403. 
Їл [+ | » | 2.009189 


For the second approximation, we have 
xj 21.403, yj 2 -.0167 
хә 21.404, уҙ 2.0056 


(.001) (.0167) 


> дъь 
(.0056) + (.0167) 


=1.403 + .0007 =1.4037 


For third approximation, we have 
xj 21.4036, y = -.0001 
хә 21.4037, y, 2.0004 
(.0001) (.0001) 
(.0001) + (.0004) 


> х2) =1.4036 + =1.4036 4 0.00002 =1.4036 


Hence the root is 1.4036 


Example 12: Find the approximate value for the real root of x og 19 x — 1.2 = О correct 


to five decimal places by Newton-Raphson Method. [B.C.A. (Lucknow) 2006] 


m не 0 128, 


Solution: We have x,4) =%,- 


Numerical Methods 


Here, f(x) =x logio x - 1.2 


> Жо) = logio een 7 е = 1000) х + .43429 
х 


КЕНЕ xy log yg (x) - 1.2 (043429 x, 41.2 
“n+l ^п logio Xn + .43429 Е logio XQ + .43429 | 


Now, putting л = 0, we get 
.43429 (2) + 1.2 
we 


= ag Lel ara з =й 
1 10810 2 +.43429 [starting with xy = 2] 


13429 (2.81+1.2) 


BOE аналы зө 
108 10 2.81+ .43429 


Similarly, X9 


.43429 (2.741) 4 1.2 


dp zc 74064 
10810 2.741 + .43429 


.43429 (2.74064) + 1.2 


X4 = LLL 20 74065 
log 10 2.74064 + .43429 


.43429 (2.74065) +1.2 


ө = 2 174065 
log 10 2.74065 + .43429 


Hence, the required root is 2.74065. 


Example 13: Apply Newton’s method to obtain the root of the equation х 10810 x 
=4.7772393, correct to six decimal places. 

Solution: By the logarithmic table, we have 6 Іор 6 24.64 and7 logo 7 25.92; so we 
take the first approximation as ду = 6. Now applying Newton's method, we have 


Жоо) өз 20 5 х0.77815 -4.7772393 
E logio 6 + log1o е 


0.1083 0.1083 
+ 26-4 
0.7784 0.434 1:212 


The second approximation is given by 


f(x) (6.089) log19 (6.089) – 0.47772393 
Ху Хүр > x 26.89 — SAA 
f'(q) log 10 (6.089) + logio е 
6.089 + 0.784460 – .47772303 
Іов то 6.089 + 0.434 


> x =6.089- 


1.0001387 


=6.089 p Raiden iL 
log 10 6.089 + 0.434 


= 6.089 + (.0001387) (0.825) =6.089114. 


Roots of Equations | i7 
Example 14: Find the root of x —5х+2 = 0 correct to the five decimal places by 
Newton-Raphson Method. [B.C.A. (Agra) 2007, 2009; B.C.A. (Kurukshetra) 2010] 


Solution: The given equation has two real roots, and from the graph it can be verified 
that the approximate value of the roots are 0, 4. 


Let Ғад-х2-5х%20 ә /Р(х)-2х-5. 
By Newton’s Raphson formula, we have 
Жоу) 20 х2 -5х,%2 E 5e -2 


X = Xy- E = 
вк : F'n) 2x, -5 2x, -5 


Putting 1 20, we get, 4 = -s =.4 [starting with xy =0] 


(42-2) -1.84 


Again, we have X9 = 2(4j-5 ims 2.438095, 


2 _ 2 _ 
NEC е р 2 (438447) - 2 
2 (438447) - 5 


3 = =.438447 
2 (.438095) —5 


From here it is clear that хз = x4; that real root is .438447. 


For the second real root, we start with x) =4.0 and thus we have obtain 


(4? -2 14 
X9 = 2—————-—, 
2(4)-5 3 
Further also, 
(4) 4 , 
$1. 4.564104} —2 
X9 eho) ой лб X3 Ed -4.561554, 
'[]-5 2 (4.564104) -5 
3 
4.561554)" -2 4.561553)" -2 
X4 К у em. =4.561553; and хл шээг -4.561553, 
2(4.561554)-5 2(4.561553)-5 
Obviously x5 = x4 so the real of f(x) 20 is 4.561553. 
Example 15: Find to four places of decimal the smaller root of the equation ех —sin x = 0. 


[B.C.A. (Purvanchal) 2005, 2007] 
Solution: We have f(x) 2e -sin x =0 
Now Хы = Xt 


(1) 


„6 : 
- ‚6 .54881-.56464 
ТЕ. sin (.6) _ 6 


> x] = 6 ts саш, гэг 
е? + cos (.6) .5488 1 + .82524 
16-42 729926: үү 8 ВАВ 
137415 


Dd | Numerical Methods 


—.58848 В 
—sin (.58848 
Also x) 2.58848 + = am 


2 58818 _ cos (58848) 


=.58848 + ышы р =.58848 + .000079287 = .588559287 
.55519 +.8311 


Thus the desired root is .5885. 

Example 16: By using Newton-Raphson Method find the root of x* -x-10 = 0, which 
is nearer to x - 2, correct to three places of decimal. 

Solution: The approximate value of the root is given to be 2. 

Now f(x) 2x* -x -10, > f(x) 24 -1 


fx) Х1-Хү-10 32,5410 


р 4 -Х,- zx. ——————— ——————— 
nHO YU ^ y аа 


— xj = first approximation 
4 325430 
- 20820 = ы, 21.871, 
4х0 -] 4.27-1 
4 
Хә — second approximation = —— =1.85578 21.856. 
X = 


хз = third approximation, 


Xo4 3 (1.856)* +10 
арии 
4x -1 4(1.856)-1 


Obviously хә = хз and hence the required root 21.856. 


Example 17: Using the staring value ху = i, find a zero of x* +З 6532 4x £4 20. 
[B.C.A. (Agra) 2005] 


Solution: By Newton's Method, we have 


feo) , 3i 


First approx, х= х) - Fo) iced 


2.486 4 0.919 i 
f(0.486 4 0.919 i) 


Second approximation, xo 20.486 + 0.919 i- ———— —— —— — —- 
f (0.486 + 0.919 i) 


= 0.486 + 0.919 Жз COIT. 90 оис 
1.780 + 6.005 i 
-1+iv3 
2 


The actual root is x = 


< 
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Example 18: Find the cube root of 10. [B.C.A. (Rohilkhand) 2004, 2005, 2009] 


Solution: The Iterative formula for finding successive approximation of cube roots is given 


by 


— 


2x2 +N 1 N 
Хи EE ш 73 (2 ma 


Xy 


(8)/3 =: (27)/3 =3,we may take initially xy 22.5. 


= де 2525-5520 һа uade i. 22455 
3 (2.5) 3 (2.2) 

апа x; -112x2.1554 ЧО 122.1546. 
3 (2.155) 

Hence 310) «2.15466. 


Example 19: Apply (i) False Position Method (ii) Newton-Raphson Method to solve the 
equation 3x -cos x -1- 0. [B.C.A. (Meerut) 2001, 2004, 2007] 
Solution: Let f(x) = Зх -cos x -1-0. 

f(.60) =—.025 = negative quantity, f(.61) 2.010 = positive quantity. 


Real root lies in the interval (.60, .61). 


(i) False Position Method 


д 2.60, у 2-.025 (x2 -3)| л .01) (.025 
E л асы! ШК )( ) 
хә =.61, yo =.010 | » |+| n | .025--.010 
= 60 4 509025) 607 
.O1+ .025 
For the second approximation, we take 

xı 2.607, у --.00036 .0032 1) (.00036 

І A -» 2) = 607 4 (00321) (00036) _ 6071 
Хә 2.608, y, = .00321 .00321+ .00036 


For the third approximation, we have 


xj 2.6071, yj --.00000 0001) (.00000 
| l Ji > 46) = 6071+ 45900 (00000) _ 60710. 


Хә =.6072, уә = .00035 ‚00000 + .00035 


(ii) Newton’s Raphson Method 


For the first approximation, we take 


f(x) =3x-cos x-1 => f(x)z3-csinx 


Numerical Methods 


20 } 

3x, —cos x,- 1 
N Е So ч. n 
4 "doom 3 + іп x, 

3(.60) - .60 -1 
= x =.60 – es 011 [starting from хо =.60] 
=.60 See eh -.60710 
3 4.56464 


3 (.60710) – cos (.60710)-1 


Further, we һауе x -.60710- - 
З «sin (.60710) 


60710 1.82130 - 821321 -1 2.60710 
3 4.57070 


Obviously x; = Хо so the real root of f(x) 20 is.60710. 


Example 20: Solve x* -5x +20212 - 40x £60 = 0, by Newton-Raphson method given 


all the roots of the given equation are complex. 
Solution: Let f(x) = x* -5x 4 20x? — 40x + 60, then 
Р(х) 245 -15x? & 40x -40. 


f (Xn) 
РДЕ?) 


Now Xn] = Xn — 


=X 


Starting with xy =2 (1+ i), we get 


 3Q42i*-100 «2i? «20Q42i?-60 -92i 


x Ba 
l 4 (242 7 -15 (24292 «400 «42i -40 241-24 
229 (4-421:92:3:1,92 4; 

12 

3 (1.92 41.92 if —10 (1.92 +192 i)? +20 (1.92 +1.92 i) -60 
ганаа 


~ 4 (1.92 +1.92 i> –15 (1.92 + 1.92)? + 40 (1.92 + 1.92) -40 


=1.915 +1.908i 


x -5 2 520х,2-40х,%60 3х,-10х,-20х,2-60 


^ ^ 4253-1502 +40х,-40 453-1552 +40 x, —40 


NU 


„(Фу 


Imaginary roots occur in pairs, so the roots of f(x) 20 аге1.915 + 1.908 гар to three places 


of decimal. Let the other roots of the given equation be a + ip. 


Then the sum of the roots is given by 


(о + iB) + (0 — iB) = (1.915 + 1.908 i) + (1.915 -1.908 i) = - (-5) =5 


ЖЕ) 


; Е : à 
Roots of Equations ж 
Also the product of roots is given by 

(a + iB) (а — iB) = (o2 402) ={(1.95)* + (1.9097) =60 (A) 
Solving (3) and (4), we get à =.585, p =2.805. 
Hence, the other two roots are (.585 + 2.805 i). 
Example 21: Solve the equation log x = cos x to five decimal places by Newton-Raphson 
Method. [B.C.A. (Rohtak) 2004, 2007, 2013] 


Solution: Let f(x) = log, x – cos x =0. 


Then it is clear that f(x) is negative for x 21.3 and is positive for x «1.4, so the root lies 
between 1.3 and 1.4. 


Now, Хы 7 Xg — Je) ;n20,12,... 
Fn) 
log, x, —cos x 
> XQg4] 7 X4— Б а н Е Р(х) = 1 +sin 2 
—-sin x, Ж 
Xn 
log , 1.3 – соѕ (1.3) 
> xj =1.3 —- ———————— [starting from xo =1.3] 
l. + sin (1.3) 
13 | 
2.3026) (.11394) -.26750 
zig 20 Емва | ара, 


.76923 + .96356 


Again putting n=2, we get 
log , 1.3029 — cos (1.3029) 
хә 21.3029 - ———— —————————— = 1.30295. 
+ sin (1.3029) 


1.3029 


log , 1.30295 - cos (1.30295) 


Finally, x3 =1.30295 - =1.30295 


------- + sin (1.30295) 
1.30295 


Obviously хә = хз, Hence the root is 1.30295. 


Example 22: Show that the modified Newton-Raphson's Method. 


_ 2 ху) 
Жол) 


Gives a quadratic convergence when the equation f (x) = 0 has a pair of double root in the 


Хы Хи 


neighbourhood of x = x,. 


[B.C.A. (Purvanchal) 2005, 2012; B.C.A. (Lucknow) 2007, 2013; 
B.C.A. (Kanpur) 2007, 2012] 


> 


қ Numerical Methods 
22) тес : 


2f(a-& : : 
ZA En) where а, Єд, £,,; have their usual meanings. Further 


f (a+ En) 
expanding f(a+e,) and f'(a+ £,) in powers of e, and using f(a) 20, f'(a) =0, since x =a 
is a double root near x = x, we readily obtain 


24% Е Ра È en f”(a) + 2 


Solution: #4 -£,— 


2! 3! 
En+1 = En — 


е, | f" + 2 цаст 1 


1 ГА 1 ^" 
2 En E f (a) + 3] Enf 2 


= Ey — 
En С + a sro] 
еш Р 
| ТЕ — 6 | fray + È 7 2 


Ї (a) . ; : 
Thus €,,) => e fra) implying that £,,,] = e and hence the convergence is quadratic. 


6 /"@ 
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10. 


| 25) 


1/4 
Evaluate (i) V (29), (ii) (5) 1 
[B.C.A. (Avadh) 2012] 


Find the root of log x = cos x, by Newton’s Method to five places of decimal. 


Find У (30) by using Iterative process. [B.C.A. (Purvanchal) 2007] 


Determine the real root of 2 x —3 sin x -5 =O, up to six decimal places, by Newton’s 
Method. 


Use Newton’s Method for nearly equal roots to solve 


з_ 2 _ 
x -x° -16.0001x-19.9985 -0 (ас (A.M.U.) 2010, 2013] 


Solve x? «1.232 -4x - 4.820 by False Position Method. [B.C.A. (Agra) 2006] 


Find the ГЖ and reciprocal р” root of a given number N by Newton-Raphson’s 


Method. Hence obtain the cube root of 12. 


Find the root of 3? —5 x + 2 =O correct to five decimal places by Newton-Raphson 


Method. [B.C.A. (Agra) 2003, 2008] 


Find a root of the equation ҮЗ 3-104120 , Which lies О and 1, correct to 


four places of decimal. 


Find a root of a equation х3 +29х—97 = 0, which lies between 2 and 3, correct to 


five places of decimal. [B.C.A. (Meerut) 2005, 2008] 


Numerical Methods 
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A WSEAS 


[ (i) 5.385165, (ii) 0.75 
DINEM 


D NEN 
охин 


ООО 
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Chapter-4: 


Chapter-5: 


Finite Differences 
Interpolation with Equal Intervals 
Interpolation with Unequal Intervals 


Central Difference Interpolation 


Formulae 


Unit-2 


Chap [ en 


Finite Differences 


2.1 Finite Differences 


| et у= f(x) be function where x can take the value a, a + h,a + 21,..., a + nh Let the 


5-4 corresponding value of y. ie., f(x) be f(a), f(a I) .... f(a+ nh). The expression 
f(a * h) — f(a)is called the first difference of f(a) and we denote this difference by Af (a) 


Thus, А/ (а) = f(a+h) – f(a) 
Similarly, 
/(а + 2h) — fla+h),...., f (a+ nh) – f {a+ (n-1)h} are called the first differences and 
generally denoted as 

Af(x) = f(x +h) - f(x), x=aath,....,a+(n-Dh 2-1) 
Неге A is an operator and is called а forward difference operator or difference 
operator, Л is called the interval of differencing. 


If we operate A on (1), we get second differences 


ie., A{Af (X) = А{ f(x + h) – f(x)} 
or № f(x) = Af х + h) - Af (x) 
or А f(x) = f(x + 2h) – f(x € h)) -Gf(x +h) - f() from (1) 


= f(x *2h) -2 f(x + h) + f(x) 
Here € represents that the operation of differences has been done twice. 


We may continue to define third difference as 
А f(x) = AR f(x) = ^ [f(x + 2h) -2 f(x +h) + f(x)] 
= Af(x + 2h) -2Af(x + h) + Af(x) 
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={ f(x + 3h) - f(x + 2h)} -A f(x + 2h) — f(x + ab + {f(x th) - f(x} 
= f(x + 3h) -3 f(x + 2h) +3 f(x + h) — f(x) 
and so on. 


In general the nth forward difference is given by 
A" f(x) = N'7 f(x + h) - A"! f(x). 


From above we observe that each higher difference can be expressed in terms of the 


preceding difference. 


2.1.1 Difference Table 


The various differences obtained when shown in the form of a table is called a difference 


table. It is as given below: 


Entry f(x)| First differences Af (x) Second differences f(x) 
a Жа) 


Af (a+ h) — Af(a)=& fla) 


f(a + 2h) — Лал) 
= Af(a + Л) 


Дра + 2h) — Af (a +h) 
- & f(a 4 h) 


f (a + 3h) — Ра + 2h) 
= Af(a * 2h) 


Af (а + 3h) — Af (a + 2h) 
= & f(a + 2h) 


f (a + 4h) – Ра + 3h) 
= Af(a + 3h) 


The first entry f(a) is called the leading term and the topmost difference in each column 


are called leading differences. 
< 
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SOLVED EXAMPLES 


Example 1: Given f(0) = 3, f(1) 212, f(2) = 81, f(3) = 200, f(4) = 100 and f(5) = 8 


Form a difference table and find № f(0). [B.B.A. (Meerut) 2010, 2012] 


Solution: The differences table is as follow: 


[pe y Dee Dos Doe [9e 


Hence, & f(0) 2 755. 


Example 2: If 


Find by forward difference table A yA. 


Solution: The forward difference table as follows: 


Белес ша Ба сааса 


From table we observe that At f0) --8. 
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2.1.2 Backward Difference Operator V 
The operator V defined by 


Vf(x) = f(x) – f(x —h) is called backward difference operator. 
The second backward difference of f(x) denoted by v? f(x) 
18 V? f(x) = VVf(x) = VCf(x) – f(x - h)) 


= Vf(x) — Vf(x — А) 
-if(x)- f(x - ) - &kf(x - h) - f(x -2$9) 
= f(x) - 2 f(x-h) + f(x -2h) 


and so on. 


In general the mth backward differences of f(x) is given by 
V" f(x) = V" [УрО] = V" Р) - f(x - 3 
=v"! f(x) — vn7l f(x — h). 


21.5 Central Difference Operator 6 [B.C.A. (Agra) 2008] 
The operator 6 defined by 


ЛЕВ ӨЗ 


is called the central difference operator. 


2.1.4 Identity Operator I 
The operator I defined by If (x) = f(x), is called identity operator. The identity operator 
I is also often denoted by the symbol I. 


2.1.5 The Shifting Operator E [B.B.A. (Meerut) 2006; B.C.A. (Lucknow) 2010] 
The operator E defined by Ef(x) = f(x + h), where his the interval of differencing is called 


the shifting operator or translation. By applying the operator E twice, we have 
E? f(x) = EEf (x) = Ef(x + h) = f(x + 2h), 
ЕЗ f(x) = EE? f(x) = Ef(x + 2h) = f(x + 3h), 

and so on. 


In general Е" f(x) = f(x + nh). 


Also we define ЕТ! by 
E! f(x) = f(x — h) so that E f(x) = f(x — nh). 


< 
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2.1.6 Properties of the Operator E and A 


1. The operators A and Е are linear operators 
As ALA) + Б(х)]={Д(х+Л)+ f(x + 1) - 4A) + р(х) 
eoe -AoG OG A 09) 
= MG) Аб(х) 
and A [af (x)] = af (x + h) -af (x) 
-a[fG + h) — fe) ау) 


Therefore, A is a linear operator. 


Similarly, we can show that E is a linear operator. 


2. The operators A and E are commutative in operation with respect to constants 


If cis a constant, then 


i e = of (x) =c Af(x) 


and Ех (x)} =of (x = cEf (x). 
3. The operators A and E are distributive 
We have, 
ALA GO + Р(х) +....] = АД (x) + АЎ (х) + 
and EL f(x) + fo( 1226 


4. The operators A and E are commutative 
(AE) f(x) = ALEf(x)] = Af (x + h) 
= f(x + 2h) – f(x +h) = Ef(x + h) - Ef (x) 
= E[f(x + h) - f(x)] = CEA) f(x) 
Thus, AE=EA. 
5. The operators A and E are associative 
(A E) Af (x) = А (EA) f(x) 
6. Тһе operators A and E obey the law of indices 
ATA" f(x) = (AA .... m times) (AA .... n times) f(x) 
= [AA .... (m + n) times] f(x) 
= A" + А. 
Similarly, ЕЕ" f(x) = E" +" f(x) 


7. Difference of the product of two functions 
AL f(x) g(x)] =LEf(x)] - Ag(x) + а(х). Af (x) 
We have, 
A[f(x)- g(x)] = f(x + b): gx t+ А) - f(x) - g(x) 
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by definition of A 
= f(x +h) glx +h) – f(x + h) g(x) + f(x + h) g(x) – Жо) 60) 
= f(x hy [g(x + h) - g(x)] + g(x) LfGx + h) — f(x)] 
= f(x + h) - Ag(x) + g(x) - Af(x) 
= Ef (x): Ag(x) + g(x) - Af(x) 


8. Difference of the quotient of two functions 


1 E | _ CO AG) - Јо) Agta) 
g(x) g(x) - Eg(x) 


We have, 
7 EI _ - + Д 428) 
g(x) g(x +h) g(x) 
_ fxh): g(x) – f(x): g(x + h) 
g(x) g(x +h) 


go): gx +h) 


А | _ ко) FG) - f(x) М) 
g(x) g(x)» Ех) 


9. A=E-IorE=I+A 


We have, 
Af (x) = f(x +h) - f(x) 
= Ef (x) - If(x) -(E - I) ЈО) 
Therefore, A=E-I 
Also, Ef (x) = f(x + h) ={f(x +) - /(х)} о) 
= Af (x) + If(x) 
= f(x) + Af(x) 2 + A) f(x) 
So, that Beal A. 


10. Æ =E -2Е+1 
We have, 
А f(x) = AM (x) = ALf(x + h) - Қа 


= Af (x + Л) – Af (x) 
={f(x+2h)—- f(x * h)) - f(x - h) - f(x} 
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= E? f(x) -2 Ef(x) + If(x) 
А f(x) - LE? -2E € I] f(x) 
e = Е? -2Е+1 
Similarly, Аы ЗЕ +ЗЕ-1. 
n (n А n ШЕЛ 7 
11. Е"= X | Js and А" = £E (-]""' | Je 
г-017 r=0 r 
We have E =I + Aso that E" = (Г + A)" 
1 
Or Е!- E "ОЛ, by binomial theorem 
r= 
n n " " 5 5 
or Е!- X (Je ~ I""zI and IN = А 
r=0 (7 
Again 


A-E-Iso that A’ =(E-1)" 


or А =[E+(-I)]" 2 (CI) + Е]" = E "С, CIy-" EP 


r= 


by binomial theorem 


_үүл-г "| n-rpr_ 4 _yn-r non 
(-1) Г“? = (1) Е 
0 r r=0 r 


1 
or AN = 
ы 


IMs 


2.2 Fundamental Theorem of the Difference Calculus 
[B.C.A. (Bhopal) 2007; B.C.A. (Agra) 2004, 2009; B.C.A. (Lucknow) 2011] 


Theorem: If f(x) be a polynomial of nth degree in x, then the nth difference of f(x) is 


constant and А” +! f(x) =0. 


Proof: Let f(x) = а) tax ах” +... + ax", where n is a positive integer and 


40), 4|, ...., аң are constant. Then by definition of A, we have 


A f(x) = f(x +h) - f(x) 


= [dy + a(x +h) + ay (x + h +....+ a(x + h)”] 
- [ag + ах + аух” +...+а„х"] 
= ай + ay[(x + B —х^]+....+ а (х + h)” — x"] 
= ай + aj? e xh + 21 +... 
жа [ax he Noa” Ale +....+ ЛЫГ 
=b) + hx + bx? +... + әх"? + nha 1 s) 
» 
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Where Д), bj, bo, ...., bj. are constant coefficients. Thus, the first difference of a polynomial 
of degree nis again a polynomial of degree л – І. 


Repeating the operation, we will observe that AA f(x) ie., A f(x) is a polynomial of degree 


(1-2) with last term as n (n — 1) hax”? 


Continuing this process n times, we will get a polynomial of degree n — n i.e., of degree 
zero with the last and the only term as 


n (n —1) (n—2) .... 1 Аах" 7” =n!h"a,. 

Thus, Л" (х) = n'a, which is a constant and hence A'*! f(x) 20 and so all higher 
differences of order > л are also zero. 
Example 3: Evaluate the following: 
() АО? же +2). [B.C.A. (Rohilkhand) 2004] 
Solution: (i) By definition Af (x) = f(x + I) – f(x) 

А (х2) =(x +h)? - x? =2h + 02; 

A (e*) 2 e* ех 2 e* (eh —1); 
and A(2) =2 A(l) =2 (1-1) =2-0=0 


Hence, A(x” +e” +2) =A(x") + A (е5) + А (2) 


-2hx + I2 4 e*(e# -1) +0 

(ii) А (арх) = A [Аар *) = ^ [ab^ +) — ар] 
= А [ab^ * (j^ — 1)] 
=A [a (b™ —1) Б] 
=a (b - y po а(н yer 
- a (b^ —1) b° * (p^ 1 


= а (p – 1)2 be. 


2 X 2 Х +1 9 x 
(iii) А | ——— | = —— - ——, Taking the interval of differencing as unity 
(x +1) х-2 үх+1 


_ 2* 2 _1 
х+1|х+2 


_ 2* |2-х-2|_-х.2* 
“(х40| х+2 | (x42) 
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(іу) A cot 2* = cot 2**! — cot 2*, taking the interval of differencing as 1. 


cos 2**!  cos2* 


sin2**! — sin 2? 


_ cos 2551 sin 2” — cos 2* sin 2*1 _ sin (2* aoe") 
sin 2* *! sin 2* sin 2* -sin 2* *! 
_ sin {2*(1-2)} _ —sin 2* 


LIT ус рар coec?" 
sin 27 sin 2 sin 2° -sin 2 


2 2 2 2 

E-I E I^ -2EI 

(v) A хэ E: ) хэ - oo e хэ 
E E E 


=[E + PE! -21] x> 
= E + PE -2p 
=(x +IP +(x- -2x 
23 4143x325 +3x4¢2° -1-3x7 4 3x - 2:8 
=6x 
Re (E-Iyr (Е +1-2Е) х? 


Ех? Ех? Еу? [В.С.А. (Rohilkhand) 2007] 
E) +13 -2Ё? 
i Ex 
(x *2P +23 -2( +P 
Е (x +1)° 
_ X +8+6х2 +1l2x+x° -2 (х + )? 
Е (x +1)° 
_6 (x4) 
“(хжїр 
2-6 
(екі 


y 


(vii) Asinh (a+ bx) 
= sinh [a + (x + h) b] ^ sinh [a + bx] 


=2 cosh cee sinh 


=2 cosh (6+3) sin z, огл =] 


(viii) A cosh (a + bx) = cosh [a + b (x + Л) |] – cosh [a + bx] 


=2 sinh a sinh 


=2 sinh (% + 5 + к sinh Z for Л-1 
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№ Ee* 
Example 4: Prove that e* = E e* PEL the interval of differencing being h. 
Ае 
Solution: We have, Бе = е +" 
Again, Лех =e% th _ ot 
= e* (e^ —1) 
Similarly Ke” = e* (eh -1 


е е ё ee 
2 x x+h 
R.H.S = x ех fe = eet ( h y - 7 
Ae” e* (e! —1) 


Example 5: Evaluate А (3e*). 
Solution: We have, А (3e*) 23A (e?) 
=3 (e* *^ е) 2 3e* (eh —1) 
& (ех) =A (3e (e" —1)} 23 (e^ — 1) (A e*) 
=3 (e” -] (e*t — ех) 23 (bh - 3 e* 


Example 6: Evaluate А (x + cos x); the interval of differencing is о. 
[B.B.A. (Meerut) 2012] 
Solution: We have, A(x + cos х) ZAx + А cos x 


={(x + a) — x} + {cos (x + о) – cos x} 


ШЕ 


| ( 3 2-0 
=a -2 sin | x + —|sin —. 
2 2 


2х + 
залаа 1 


Example 7: Show that ^ log f(x) = log + VO 
f(x) 


Solution: We have, A log f(x) =log f(x + Л) – log f(x) 


ET f(x +) -lo Ef (x) 
~ve] fo | ЕЗ 


= log M. = log c 
f(x) F(x) 


Finite Differences 
(57) 


Example 8: Evaluate 22 SEIS. А 
2 + 5х+6 


5x «12 |- 8 Босго 


Solution: А 7 
X^ +5x+6 (x + 2) (x +3) 


E 2 + 3 
x+2 x43 


: 2 3 2 2 3 3 
Again, A + = = + = 
| — — — EE — 


__ 2 _ 3 
© (x*2)(x*3) (x +4) (x43) 


-. from (1), we have, 
[see E 003 
x^ +5x+6 (x*2)(x*3) (х-4)(х%3) 


(x+3)(x+4) (х-2)(х-3) 


23 1 Е 1 
(v+5)(x+4) (х+4)(х+3) 


529 (х-2)-(х-4) Е (x +3)-(x +5) 
i (x + 2) (x + 3) (x + 4) (x + 3) (x + 4) (x +5) 
4 6 


= (x + 2) (x + 3) (x +4) ii (x + 3) (x +4) (x +5) 
Example 9: Find N' (1 
x 


Solution: We have, А” (=)- АҒЗА В 
х 


Now, ам 1 1.52 (ғ) (4) 
х х (х-1 х(х-1 

ЧР =A А 

B E х(х-41) 


-04 1 M M 

i (х40(х42) х(х41) 

ШЕ er... 7 х 808 
х(х+1 (5+2) х(х+1)(х+2) 
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Similarly, 0002 B СӘС 
У, х) х(х+1 (+2) (x +3) 


82): (-1)(-2) (-3) .... (5) 
х) x(x*lD(x-2)....(x* n) 


(17 ln 
x(x +1) (x-2)...(xn) 


n: . b Қ : b+ 
Example 10: Show that A" sin (a + bx) = |2 sin 2 sinja+bxr+n 2 А 


Solution: We have, 
Asin (a + bx) =sin [a + b (x + 1)] -sin (a + bx) 
2 eos (tT) . (=) 
sin NOME ши 


22 eed nz 
2 


=2 sin — sin (% bx | 
2 


апа А2 sin (a sy =l2 sin 5 sin СЕ ы 4 
re sin КҮЛ T c Ps sin ПЕТ лаг 
2 2 2 


=2 sin 2.2 cos [a+ + SOLL 


2 
2 
-(2sin 3} cos eae 
2 2 


2 
= (2 sin z) sin С + +2 Е + 3l 
2 2 


Proceeding similarly, we have 
n b 
A” sin (a + bx) = (2 sin z) sin | +bx+n | 5 =)| 


-sin b 


Example 11: Show that A cot (a + bx) = ————_———_————_ 
sin (a + bx) sin (a + b + bx) 


Solution: We have, 
A cot (а + bx) = cot [a + b (x + 1)] – cot (a + bx) 
_ cos [a+b(x+1)] cos (a+ bx) 
~ sinfa+b(x+)] sin (a+ bx) 
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. cos [a + bx + b] sin (a + bx) — cos (a + bx) sin (a + bx + b) 
i sin (a + bx + D) sin (a + bx) 


7 —sin b 
— sin (a + bx) sin [a + bx + b]. 


Example 12: Prove that ^ log x = log ( + Ч) 
x 


Solution: L.H.S. =A log x 


= log (x + h) - log x 


x+h 


= log 


X 


h 
-100114- 
Ы 


Example 13: Prove that V = AE!-EglA-I-E!, 


Solution: We have, 
VE (x) = f(x) - f(x - h) 
AE"! f(x) =A f(x - B) = f(x) - f(x -h 
E^ f(x) = E [f(x + h) - Қа) 
= E`! f(x + h) - E`! f(x) 
= f(x) - f(x =h); 
(I-E?) f(x) = fo) - Е f(x) 
= f(x) - f(x - h) 
From above we observe 


V=A E! =Е!А=1-Е7}, 


Example 14: Find the successive difference of f (x) = ab^" and sum the first n differences. 
Solution: Here f(x) = ар * 
A f(x) = abo +) — abf * = abf * (ge^ -1) 
Again А f(x) = А-А f(x) =A [ab^ (08-1) 
=a (be -1) A =а (6% - 1) [pr * 9 - en] 


- a (V " — 1) рх 1744 -1) = ab’ (ре! a 


and so on 


In general, А" f(x) = ар (0 5 s 
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Hence, the required sum 
=A f(x) + A f(x) +....+ А" f(x) 
тамы -1) + abf * (f ^ 9) +... + abo (geh 1)" 
тан” cama qu gr^ ausa ge yt 


ee 1-0" -1)" doas je as] 
= abt “(ы-і ( - ) = al Age yl 7 ) Я 
1 - (p^" – 1) p" -2 
2 2. 
Example 15: Evaluate = sin (x + Л) + гэв 
Е E sin (x + h) 
2 sin (x+h) 


Solution: We have, A sin (x + h) + - 
E Esin (x + h) 


(E – 1)? sin (x + h) 
E sin (x + h) 


(E-? 


- in (x + h) + 
E sin (x + Л) 


E? -2bE + l)sin (x 4] 
aff 04 Phin у ны 1... 
E sin (x +h) 


=[sin (x + 2h) — 2 sin (x + h) + sin x] 
" [sin (x + 3h) - 2 sin (x + 2h) + sin (x + h)] 
sin (x + 2h) 
2 sin (x + 2h) (cos 1-1) 


=2 sin (x + h) (cos h — 1) + - 
sin (x + 2h) 


=2 (cos h- 1) [sin (x + л) + I]. 
2.2.1 Relation between Differential Operator D and Difference Operator A 


Let f(x) be any function. Then by definition, we have 


x+h- f(x 
Df) = fla) = tim. LOL NT 


Also by Taylor's theorem, we have 


12 m 
f(x +h) = f(x) + hf (x ті (x) + 


[2 
= f(x) + h-Df( w+ Ep aci vais 
2,2 
Ша ES + 40 
= f(x) 222) 


Also Бу calculus of finite differences, we have 


f(x +h) = Ef(x) (3) 


< 


Finite Differen f 
te Differences ж 


From (2) апа (3), we get “Р=Е=1+А 


ог АЮ = log (1+ А) =д- 2л +18 — 
2 3 
2 3 
Or їг Хо: н 
Л 2 3 


2.3 Factorial Notation 
The continued product of n factors 
x (x — h) (x = 2h) .... {x — (n — 1) h} 
in which the first factor is x and the successive factors decrease by a constant difference 
(say Л) is called a factorial function and is denoted by x") where nis а positive integer. 
Thus, 
xU 2 x; 49 2 x (х= Л); x9 = х (x — h) (x —2h) and so on in general 
x) = y (x = h) (x 224) .... (x -(n-1) m 


As a particular call when Л = І, we define 
x) = y; x9 =x (x 2; x8) = x (x 1) (x -2).... 


And x) =x (x 21) (x 22) ....(x -(n-1)) 
_ х(х—1)(хХ—2)....{4х—(и—1)}-(х—л)! 
i (x — n)! 
- Ix xn 
x-n 


The function f(x) = х0 =x (х= h) .... {x - (n— 1) h}, n > 015 called the factorial polynomial 
of degree n. 


2.5.1 Differences of a Factorial Polynomial 
Theorem: To prove that А0? = |n h” 
and А10) =0), 
Proof: As defined we have, 
x? = x (x — h) (x = 2h) ....(x — (n — 1) h} 
So that, | (x + Л) =(x + I): x x — h) (x 22h) ....(x ^ (n — 2) h}. 
Now, Ax = (x + h” — 09 
=(x +h) x (x — h) (x -2h)....{(x) -(n-2)9 - [x (x - h) (x - 2h) 
ex - (n- DA] 
-x(x-h)....ix-(n-2) h} [x * h-ix -(n-1D А] 
1—1). nh = пр x") stl) 
» 


= x 
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when is a polynomial of degree (л – 1) in factorial notation. 


Again, Жу) = AA x9 = A [nx 0], from (1) 


= nh А х") = gk [x + p - D – "Dy 


-nh[|(x  h): x (x - h) ....x -(n-3)9 — x (x — h) (x -2h).... 
{x -(n-2) 13] 
=nh-x (x — h) ....{x -(n-3) h [x + h-ix -(n-2) hj] 
zh. х" 2) (и —1)й = n (n - ig x?) 2.(2) 
which is a polynomial of degree (n — 2) in factorial notation proceeding іп this way, we get 
NI) = п(п—1)....1-Ж-х”^” = алто... 
= |nh" .44(3) 
which is a constant. 
Hence, Аз» = A (Ay) = A [nh] = A (constant) 20 
Ay 20 fork>n 


In particular when 7-1, A'x? = |n. 


1 
2.3.2 To Show that x^" = PETENS the Interval of Differencing being Unity 
(x * n) [B.C.A. (Kanpur) 2009] 


Proof: By definition of x for h= 1, we have 


x) = y (x-1) (x -2).... {х (1-2)! {x - (n-1)) 


Or x = (10) {y — (п-1)) 
Бог n=0,x = ,CD (x +1) 
or Do, se x92 441) 
and for n=-1x) = xC2(x +2) 
: (—1) 

or x2) = 7g TE NE - —— 

x+2 (х+1) (+2) (x«2)2 
Similarly, C32 "— — - cd 

(x-D(42)(43) (x43)9 
Thus, хС = — a d 2.0) 

(х +1)....(х+л) (x4 ny?) 
In general if the interval of differencing is h, then 

4-0) _ 1 2м 3) 


(xh)... Qe nh) | (x + nh)” 


Finite Di 
inite Differences ғы 


Моуу, Ax™ ә = 1I = I 

Ge nh) — (xe hoe nh) (x+ nh)” 
аас 
{х + (n+ I) A {xv + nh}....(v+ 2h) (x+ nh) ....(x + 2h) (x +h) 
(x + h) —{x + (n+ 1) h} 
{x + (n+ 1) h} {x + nh}....{x + Л} 


—nh 


= nh. 0 0, Ёсот (3) 
(x +h)....(v + nh) {x + (n+ 1) h} 
or A XC? = (=n) -hx ...(4) 
or А сш (Cn xD, o д=Ах 
Ax 


Similarly, Xx” = A [A xC?] 
= A [7 nx - P * 1] = -nh A х1" +10) 
= (nh) [-(n + 1) А] xt) 
yc = [E n (n4 1) 12 x Cl 21) 
and so on. 


To find A l3, 


We have, А х0) =2.һх®, « Ax = nh) 
42) 
or E eg 
2h 
(2) 
or AO- yt (x) 
2h 


where t (x) is a periodic function of period h 


(3) 
Similarly А150) = ET t (x) 
1 
Іп general А710 = aan + t(x). 
(п+ 1) л 


Example 16: Find the value of 
@ 2px (ii) A [9x] 
Ax 


(iii) - 3307] (iv) AT-53091 
X 


Solution: Let the interval of differencing be Л. then, 


(i) A [240)] 2 5.24 21040 
Ax 


=10x (x — h) (x - 2h) (x - 3h) 
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(ii) A [9x9] 24.9. 9) 2 361 
=36hx (x — h) (x - 2h) 
Gii) L [3x2] =(-2)-3x03) 
Ax 


-6 


ы - 
(x + h) (x + 2h) (x + 3h) 


(у) | A[-5(x)-*)] 2 (-4)-(-5) Ae?) 2 2019 

E 20h 

(x + h) (x + 2h) (x + 3h) (x + 4h) (x + 5h) 
Example 17: Prove that 
(i) Ax = nx" - D (ii) 2x =n (n - 1) 4-2 
Solution: (i) We have, x? =x (x —1) (x -2)....[x-(n-D] 
Ax =(x +1) x (x -D (x -2)....[x -(n-2)] 
-x (x-1) (x-2)....[x - (1 - 1] 
-2x(x-D(x-2)...[x-(n-2)] tx - 1-2 x -& n-I) 


= Da = nx - D 


(ii) А х09 = AA = Апх(" 0) 
=n(n-l) х(!-2), 
Example 18: Express the function 2х3 -332 +3x-10in factorial notation, the interval 
of differencing being unity. Also find its successive difference. 
Solution: Let2x? -3x? + 3x -10 = Ах) + pxO) + Cr + D. 


The coefficient A, B, C, D are easily obtained by the method of synthetic division. 


The procedure is given below: 


Hence, 


Finite Di 
inite Differences / 45 
Af(x) 22-339) & 3.230 +2 
-2 6x0 4 6x9 +2 
-6x(x-146x4226x? +2 
& f(x) =6-2x +6 212x +6 


and A f(x) =12. 

Example 19: A second degree polynomial passes through (0, 1), (1, 3), (2, 7) and (3, 13). 
Find the polynomial. [B.C.A. (Lucknow) 2011] 
Solution: Let us consider the 2nd degree polynomial in factorial notation 

e., Let f(x) = Ax?) + Br С. 
Now, the point (0,1 2x20, y=1 ie, f(x) =] 

(L3) 2xz1, f(x) =3;2,7) > x =2, f(x) =7 

and (3,13) 2 x 23, f(x) 213 


Thus, the difference table for the given values of x and f(x) is as follow: 


Now f(x) = Ax?) + m +С 
Af(x) -2Ах9 + B 22Ax + В 


Hence, Af(0) = 
But, Af(0) 22 so that B =2 
Also № рх) =2А 2 &f(0-2A. But & f(0) = 
2А=2 5А =1 
Again for x =0, f(0) = С giving C =1, 
Thus, f(x) 21.38 42-29 +1 
-х(х-1-2х-1 
=x cal 


Example 20: A third degree polynomial passes through the points (0, — 1); (1, 1), (2, I) 
and (3, — 2). Find the polynomial. 


Solution: Let f(x)- Ax®) + pxO + Ce + p 
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The difference table for the given values of x and f(x) is as follows: 


=j 


Now Af (x) 34x? + 2Bx® + C 
=3 Ах (х-1) + 2Вх+ С 
Af (О) = C and from table А/(0) = 2 


Comparing the two values, we get C =2 
Now, А f(x) =6Ax + 2B =6Ax + 2B 
& f(0) =2B and & f(0) =-2 (from table) 
2B = –2 giving B = –1 
Again А f(x)=6A > X f(0) =6A 
and from table А f0) --1 


Equating the two values, we get 


6A--12A--I/6 
Also f(0) =D and from table f(0) = —1. 


Comparing the value of A, B, C and B, the required polynomial 


F(x) 6 -1-х@) +2x® -1 
= IC l) (х-2)-х(х-1-2х-1 
Ға) --2 [3 +322 16x + 6] 


Example 21: Calculate А113, 
Solution: Let AX + pO + Cr + р 


or i? = Ax (x —h) (x — 2h) + Bx (x -h) + Cx + D 


or xX? = Ах? -(B-3Ahx? «QAI —-Bh+C)x+D 
< 


Finite Differen 1 
te Differences 7% 


Equating coefficients of like powers of x, 


А =1, В =3hA,2 Al —Bh+C=0,D=0 


іе., А-18:31С-1,1-0 


i = х) + ЗА) + 120) 


AT = д1) 435 7140) + Pah 


M M) ,O 
-Ї Р ШЫ Е ty (x 8 Ir Gx 22) 


(4) г 
2E 4 x8) + Л 10) + t(x) 
2 
where, t(x) is a period function of period Л. 


Example 22: Obtain the function whose first difference is 
34x + 9х + 12. 


Solution: Converting the given function into factorial notation. 


We have, х3 +412 +9х +12 = AxO) + pxO + Cx «p 


By synthetic division method, we get 


Thus, the given function = х8) 4 7x2) 4 14x0 +12. 


As given Af (x) = xO) + 730 41429 +12 
f(x) = А108) 4 747149 4 140 + 7102) 
x х3) х0) mU 


—— +7-—+]14:—+]2:—+k 
3 2 1 


where k is a constant and the interval of differencing has been taken as 1. 


x(x-1)(x-2) (x -3) 7 7x (x-1) (x -2) 
"i 


E 


Or Р(х) = + 7х (х= 1) +125 +0 
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2.5.5 Generalized Factorial Functions 
Let f(x) be any function, then generalized factorial function is defined by 
[f(x] = f(x) f(x - h) f(x -2h).... flv -(n- Dh] for n=1,2,3,... 


and ГАГ -г-------1----1 41 83.2 


f(x h) f(x 2h) ....(f(x + nh) 


Example 23: Find (ax + b\™® and (ax + БУГ", 
Solution: Here, (х) =ах +} 
f(x =) =а(х- А) + р=ах + - аһ 
f(x - 2h) =а(х -2h) + b 2 ax + b-2ah; 


fix - (n-1) № aix - (n-1) h} +b 2 ax + b — nah + ал 
Hence, by definition, 
(ax + b? = (ax + b) (ax + b — ah) (ax + b —2ah) ....(ax + b — nah ай) 


1 


and (ax + мис» = „С 
(ax + b + ah) .... (ax + b + nah) 


2.4 Differences of Zero 


For the operators A and E, we have 


A=E-I s A’ =(E-I)" 
If f(x) 2 x", we have 
Aly? = (E - Г)" х" 
_ppn_n n-l n n—2 72 тулуп „т 
=[E" АСЕН ҚОНСА e gn 
= Ey” — "СЕ"! ү”! 4 "s E 2ym og (19 pu 


= [x +n)” — "C [x - n - I]"? + "Cy [х+я—2]"—.....+ (—1)”х” 


Taking interval of differencing Л = 1. 
This expression for x =0, becomes 
М, - =n” — "C (n - 1)" + "Co(n-2)” –.... 
^0 04-77 4 2244) 
The expression (1) for [A"x"]. . y is written as А0” and is known as differences of zero. 


ШЕШ - n” 2 "С, (л = 1)” E "Cy (n 2)" TEN "C, ( p 


Finite Differences 


If n=1,m=1then AO! =I! =], 


n=2,m=2 then 40? 22? -2.(2 -1° =2 = |2 


and n=3,m=3 = 4209 23? -3.27+3-P =6 = |3 
Proceeding in this way, we observe that 4707 = |n 


Also АГ 10” =0 ie., A'0" =0 for n> m. 

Example 24: Calculate the value of 

(i) Ao? (ii) 20° (iii) ХАО? 
(iv) 905 (v) AO”. 

Solution: (1) 203 -23-2С(2-1) «260 -2° 


-32-2х1-30, 


(ii) A 0*a35 08-94 08«2)5—0 


=729 -3-64 € 3.12540 


(iii) AP =4° =*G4=lP О) С 4-39 «0 
=1024 – 4.243 + 6-32 -4-1 
=240 


(iv) RO =5° =" OF 0099 «90499 4° CP 


-3125-5 x1024 +10 x243 -10 x32 +5 


=3125 -5120 + 2430 - 320 +5 
=5560 -5440 2120 


(v) Ao” =1" -l 1-121 


2.41 To Prove the Recurrence Relation 


АЛО”! =n [10 -1 МО” =l 


Proof: We have, A'0" =n” —"C,(n-1)" + "Cy(n-2)™ —....+ "C, (2771 


-I 
=n" —gn(n-10)" + D y-a)" ~~ ey 


А (1-1) (n - 2)" 
2 


= ии" — (n -1) (n- 1)? ч 


заа "Ч 


(n —1) (n-2) 


+ Gi) 


Ша ЕТ... 
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2n[ü* (-0))" 7! - "VG (п - "71 

+ 0706 (-2)^1- e C070 
=n|{l+ (n ==! = ме {+ (п-2ууя-! 
© O-No a+ (n a gy! me: 1» 
=n [pe-igyn 4 2 lor *gt- 


4 @-1)с, Е"-3 yr шоо (== (у 


шей Елеш _ @-1С|Е"-? + Veo Bt = (= (ут 


=n [E -1 lay" -! saat ay! 

= nA" -1 Fo” - d [For 1 21, Ex” 1 ae p» L pon -1 = (ы-і 
-и (1 + ayo"! 

=л[А" H + Ar] om d 

=п[А"710”"—1 + 0-1] 


which is the required recurrence relation between difference of zero for different values of 
nand m. 


Example 25: Prove that МО" + Ка 


Solution: We have, A'0" = л [A' 710771 + "0" -1] 
form = п + 1, this relation becomes. 

АО” +1 =й ГАР Қу + Аю 

=n[A"0" + л"-10"] ast 

In this relation replacing n by (n — 1), we get 

А710” -(n-1) ЇГ ний! ин 2 M208) 
Repeating the process of replacement, we get 

NL 729n-1 -(n-2) | Чанг! цана 4 A! =30”-2] 
2203 =2 [4202 + A0°] 
A0? =1[40! + 4001] 

From (1) Бу back substitutions of there values, we have, 


Niort =} [л"0" + (1—1) (А!7107:1 + АН 0-1 
= нА" + n (n1) А1071 + и(и – 1) (n-2)[4* 20772 + А8-307-21) 


= НА n (n-1) А" 107-1 + n(a-1) (n-2) 0-70"? +... 
+n(n-1)(n-2)....2-1 A0} 


Finite Differences м 
еса (БІ) 


=n-|[ntn(n-l)|(n-l) +n(n-1) (n-2) |(n-2) +... 
+n(n—1)(n-2)....1-L 
=|n[n+(n-l)+(n-2)+....4]] 


I 
=|л[ї+2+....+(л—1])+ ДЫ 
= n ДЫ 1) “МО” Ге (и = А"0"] 
Thus Nigntl = n(n+ 1) Nig? 
Example 26: Show that (n + 1) A'O” =2 [A" 710” + a"0"]. 
Solution: By recurrence relation, we have 
АЛО” =n ja" 10" -1 + Nom =l] 
Taking m =n + l, we get 
Aion +1 =n[A'*!0" + А0 NU 
As proved in the preceding exercise, we have 
I 
NI = 20D wor 49) 


From (1) апа (2), we get 


n Шы р АЛО” — n [at lon + А"0"] 
ог (n+ 1) А0" 22 [А 10" + A'0"] 


Example 27: Sum of the series и? + "C (n – b^ "C (n - Оу as n being a positive 
integer. 


Solution: The given series = + "Сү(и#—1)7 (н) +.... 


=[(x+ n? + "Сү(х+п—-1)7 а” 40-27 dz 
=[Е”х” + "СЕ" T? + "OE" 22 ы. 1250) 

=[(E" + "GE" 1 + "CS E"? +...) x (со) 

= (Е +1)"x* (со) 

=[(2 + A", 0) 

-[Q" + "G2" А + "C92" 2 & +....) 21,20) 


= 9% + Ho LAE + қатта + «dix 20) 
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(n —1) 


a2 44 2777 77? 424040 23 | 


ЇЕ: МО" - [Ae 0 = (nf) -0) = іп 
and А0” =[A"0" 1,0) 20 for n» m 
e 2*-? (4 4-1] 


=n(n+1)2"- 


2.5 Separation of Symbols 


For convenience we may represent the function f(x) by U, so that f(x + nh) is represent 
by О, + „л and f(0), f), f(2), etc. may be represented by Up, U], О etc. 
We have, Uy ann = E"U, = (1+ AU, 

= + "QA + СОР ӘП, 

=U, + "QAU, + "CAU, +.... 


This type of operation in which we separate the operand from operator is called the 
separation of symbols. 


Example 28: Prove that Од = Оз + АО» + KU, + АЗ. 
Solution: R.H.S.=Us + АШ» + &Uj + А 

= Е +A EU, + € (1+ A)U, 

-(E +AE+ ЖЕЛ 

= Е(Е+л+ &)Uj 

= Е[Е+А(1+ A] Uj 

= E[E + A E] U} 

= E[l + A] U} 


= PU, =U, =L.H.S. 
Example 29: Show that Ug + *CjAU, + “OQU; + “GRU; +... 
=U, + “QU, + СОК О.а оа 
Solution: R.H.S.=U, + "GAU р + “OAU 9 +... 
=U, + Qo A EC. СУА ЁС Окасы 


=[1+ "QAE! SOSA EAT П, 


2 Ж 
=(1+ ХЕ Ц U ‚++ U 
x E Ж. 


Finite Differences (53) 
= ЕС {[Е+ МУ, 

-ЕЗІЕ-(Е-ІУІ0, 

SF (E+ E + I? En U, 

ЭЕ" Е +I- E] U, 

= Е [E (E-I) +I] U, 

= E "JEA + IJ U, [- E-I=A] 
= Е + A ЕО, 


= Е + "GA E + "C (AEP 4... “C (ABU, 
= EU, САВЕ AU + “C(A ВУ E PU +.... 
+ *С„(А Е)”Е 0, 

= Оо + *C AU, + a AU dues 

-1.Н.5. 
Example 30: Prove the following identities: 
(i) Uo sk Ui + | ud Р Un = die Uo + Pec ADS + pec Us +....+ А 
Solution: (i) We have, Ug +U] + 0 +....+ U, 

= Ug + EU + Ё СО, +....+ E"Ug 

E e E+ E +....+ E”) Uo 


7 E “Uy (G.P.) 
- ie да “Аға. PH as 
x ІС Абу  "*1C, +... + A'*1Ug] 


= "1G Ug AUS + 0 Up +... HU 
(8, Ы. =U OAU "Сайд а OR es, 
We have, U, + “САУ, 4:4 0 AU, ә + CUIU, 4 us 
e[U + "QA ETIU, + * Oe EP D. 4-0 CLA EU, +...] 
se AEG DUET +*+ CGA E +....]Ш„ 


ЕТ АТ" E-AT[* 
-П-АЕ 1] *u, =[1-2] ӨР 0, 


-х 
7 (5) Un = ЕЗІ, -О,а-у- О; 
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(iii) АО, -n =U, — "QU, -1 + "00, -2- "Сау, -3 SB iad 
We have, U, — "CU, ES "CoU, i9 > "CAU, -3 t. 
330, ne QS "P = GE U deus 


=(1- "QET! + "CE? "ОЕ +...) U, 


Е 1 л Е-1 n 
-ü-Elyu, 1-2) U, ЕН U, 


E E 
A n 
= (2) U, = АЕ "О, = АЎ, ,. 
Example 31: Prove the following identities: 
А 1 1-2 
(i) Uy -U, 44 + Uy 3 -Uy ъз %....- ies -g^4Us-3n 


Solution: We have, 


12 
o G) 2 (2) ^0 - 
ele is JG ёғ): Calla (i227) 
II s. | 
ew. dus Ju 
alg a eene Me " 
2 AE ы 


Finite Differences 
m fate ( 55) 


Eg?2.2 pg ?2t09 + AP YIU, =(2 + Alu, 


N| = 


=U,(1+ E! =[- E+ E – ЕЗ + Е – ЕЎ +...]0, 


=U, сал | U yas U.,3 Чу 


(ii) Up "ee GU "e +.... 
= + x)"Up + "С ( a3)" хАЙф + Co 4 3)" х^л° Шу +.... 
Solution: We have, 
(+ aj US + "С|@ + ay АШу + CS (1+ x) “хэ +.... 
= {(1+ x) + xAY' Ug ={1 + x (l+ А)" Ug 
= (1+ xE)" Ug = [1+ "GxE + "C93? E? + "C433 E? +....]Up 
=Up + "OU; + "Cox Us + "Cy Us +... 


Example 32: Show that 


Хай — дут ЛЭЭ дун 15 +.... m terms 


Solution: We know that Ax” =0 for k > m; thus in this case the sum of m terms will be 


same as the sum of infinite terms. 


Thus, we have L.H.S. = A x” — l gym + 18 d ж Ax" +... тїеттаз 
2 2.4 2-4-6 


ZEE ESOS А +....т terms |x” 
2 2-4 2-4-6 


-АЙ-та ША ШІ 


А +....to “|” 
2 2.4 2-4-6 


=A[l+ Ay)? y" -АҚ-/2ұт 


Example 33: Sum to n terms 
LA2A3*-9. ЗАР 3.40: 4. SAT +... 


Solution: Here the nth term = (-1)! 1л (n + 1) АХ", 


We know that Ax" =0 fork >л 
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Thus, in this case sum of л terms will be same as sum to infinity 


required sum = (1-2 A - 2.3 Ю 34-45 K +... o0] £^ 


-2A0-3A464 -109 +....) x" 
22 A(L- A) 3х" 
=2 AE," 


22 A(x -3)" =2 {(x - 2)” -(x -3)"},h=1 


Гон Ser} | 


]. Evaluate: 


"-- 422 
(i) А [ах + bx" + ex d] [B.C.A. (Agra) 2004] 


(ii) A tan ах 

(iii) Азап”! ax 

E m 
2. (0 &0-20-220-32 [B.C.A. (Rohilkhand) 2008, 2010] 
(ii) Ap (qe 


3. Evaluate Лас" 


"АВ 
4. 2|5 T. 
Р - a | 


n 
5. А cos (a + hx) [B.C.A. (Avadh) 2009] 


6. For the function f(x) = c* then find АХ, 


№0, 
E U 


2 
7. What is the difference between EA and | 


x 


} If Uy, = x? and interval of 


x 


differencing is one, find expression for both. 


8. Find the function where first difference is 
(i) a (ii) ax b (iii) sin x (iv) et ** (у) 5*. 
[B.B.A. (Meerut) 2011] 
9. If the interval of differencing is unity, then show that x? = [л * C,. Hence or other 


will prove that 
(i) N кел = ep (ii) A "Cy, =1 


Finite Differences 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


(57) 


Find the value of 


() A B® 12400 1340 4 4.5] 
Ax [B.B.A. (Meerut) 2008] 


(ii) ^ [232 2349) -4х С?) 


№ 
(iii) [330 -54C2)] 
Ах? 


[B.B.A. (Meerut) 2009] 
Show that x?) (x — rh) = x4”, 


Express the function f(x) =x? 1232 + 24x? —30x +9 in factorial notation, the 


interval of difference being unity. Find A f(x). 


Obtain a function whose first difference is 


3 2 
х +20 +5x 412 [B.B.A. (Meerut) 2010] 


Prove that 


АО" пл" -1 "10" -1 
=—————-+-———. 


b^ ow ү 


Sum of the series 


al? Л + (п—3)” "Сз 0e By "C; +... 


Show that 
U4 = Оо + ААО + беу, + 104217: | if fourth and higher difference are zero. 


2 3 
badge 25222835 


u 2 [3 
- 19 13 4 1:33:59 46 
шлем үлты A enc AU Lg de 
Ea ы ытта Жж 


(ін) U5, —" 012 US, р "C327 Us, 5 «o (C2Y'U, 


Prove that 


If SU x = 0, prove that 


1 1 
02-210, +00 1-те DNUS + U] 
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sin a Gii) t 21 а 
— iii) tan | — ————5— 
cos ax cos a (x + 1) lad x dx 


т-р 


6 (x + 1) 
x) + 6х2 +12х+8 


(i) F(x) =ах+р 


(3) А 
+ 2 +4х®) +1250 +k 


.. 1 l 2 
(1) Оо AU qat Аиа ue 


OOO 


Unit-2 


Chap [ en 


Interpolation with 


Equal Intervals 


3.1 Interpolation 


nterpolation is an operation of estimating the values of a function for any 
intermediate value of the argument when the values of the function corresponding to 
a number of the value of the argument are given. Extrapolation is the method of estimating 


the values for the past period or future period from the given values of argument. 


54.1 Assumptions for Interpolation 
There are two main assumptions made for interpolation or extrapolation from the given 
set of values of the argument and corresponding values of function. 


1. Тһе function is assumed to be expressible in the form of polynomial of the variables. 


2. There are no sudden jumps or falls in the value of the function from one period to 


another. 


3.1.2 Methods for Interpolation 
1. Graphical Method 


2.  Algebraic Method. 


But we shall consider only the method based on finite differences. 


5.1.5 Newton's Binomial Expansion Method for Interpolation or Newton's 
Interpolation Formula 
Let we have a set of equidistant values of x and corresponding values of f(x), then we 


have to find the missing terms of the independent variable x. 


Let x=a,a+h,a+t2h,....,a+ nh be (n+ 1) equidistant values. 
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Then corresponding functions as 
fla), flat+h), f(a + 2h) .... f(a * nh) 


Let one of the values of f(x) say f(i) be missing. We have to interpolate this missing value 
of f(x). Actually we are given zt values of f(x) corresponding to values of x. Let us assume 
that the function f(x) can be represented by a polynomial. 


Since values of f(x) are known then we can consider that f(x) be a polynomial of degree 
(п — 1). 


Hence, A'T! f(x) = constant = А (х) =0 


Or (E-I)'f(x)20 2 А-Е-І 
or [E" - "C B46, B47... y] /(х) =0 
or E" f(x) — "GL E^ 1 f(x) + "C, E*-? f(x) +... СІР f(x) 20 ЕКІ 


In this equation each term except missing term is known and hence we can find the 
missing term. If two term are missing when we used f(x) can be represented by a 
polynomial of (n – 2) degree so that 


A’! f(x) -0 ie, (E- 71 f(x) 20 
or [ps = pd БӘТ 4 ghe Зер m" eye} f(x) -0 
This gives for x =0 (first tabular value) 
инр -Gsa-s) 4 Gy“ /(0у=0 wis 


and for x =1 (second tabulated value) 


fo leai ЭС А-а Cl! en 223) 
Solving these two equations (2) and (3), we can find the two missing values. 


Similarly, if three values are missing we will need three equations and so on. 


SOLVED EXAMPLES 


Example 1: Evaluate the missing term in the following: 


100 101 103 104 


2.000 2.0043 2.0128 2.0170 


Solution: As four values of f(x) are known so 
At f(x)=0 or [E-If* f(x) =0 
Е f(x) -AE? f(x) + 6E? f(x) -4 Ef (x) + f(x) =0 
f(x 4) -4 f(x +3) + Of(x 2) -4 f(x +1) + f(x) =0 


Interpolation with Equal Intervals £* 


For x 2100, we have 
f(104) – 4 f(103) + 6 f(102) - 4 f(101) + f(100) 20 
Substituting the known values, we get 
2.0170 -4 x 2.0128 + 6 f(102) - 4 x 2.0043 +2 20 
6 f(102) 216.0684 – 4.0170 212.0514 
Or giving f(102) 22.0086 ie., log 102 22.0086. 


Example 2: Estimate the missing term in the following: 


[B.B.A. (Meerut) 2008, 2010] 
Solution: Here, six values of x and y are given, therefore, we can assume the given 
function expressible as a polynomial of degree five. 


Hence, M y-0 ie, & f(x) 20 
or (E-If f(x) =0 
ot [Ее = 0E + OGE С. В + °С, - CE СҮГ 0 
or Еб f(x) -6P? f(x)  15E* f(x) -20E f(x) + 15 E? f(x) -GEf(x) + f(x) 20 
or (5+6) -6 (5+5) +15 f(x + 4) - 20 f(x + 3) +15 f(x + 2) -6 f(x +1) + f(x) 0 
For x = 1, we have 
fT) - 6f(6) + 15 f(5) - 20 f(4) +15 fG) -6fQ) + fl) =0 
or 128-6 x64 +15 x32 -20 f(4) +15 x8-6x442-0 


128-384 480 - 20 f(4) +120 -24 +2 20 
20 f (4) = 730 – 408 
-322 


f(4) 216.1 


Example 3: Obtain the estimate of the missing figure in the following table: 


[B.C.A. (Rohilkhand) 2006, 2011] 


Solution: As six values of [x, f(x)] are given therefore we may assume the function to be 


represented by a polynomial of degree five. 


» 
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So that, & f(x) =constant and А f(x) = 
[Е-е f(x) = 
Е 945 Eo + ©СУ Or + ©СУ =" Ba] /(х)=0 
f(x + 6) -6f(x +5) +15 f(x + 4) -20 f(x +3) +15 f(x +2) 
~6f (x +1) + f(x) =0 ..(1) 


For x =1, (1) becomes 
FT) - 6f(6) +15 f(5) -20 f(A) + 15 f8) -6 f2) + fl) =0 
Putting the known values, we get 
343 -6 x216 +15 f(5) -20 x64 +15 f(3)-6x8+1=0 
15 f(5) +15 f(3) =2280 
f(5) + f(3) 2152 .44(2) 


For x 22, (1) becomes 
f(8 —6 f(7) + 15 f(6) -20 f(5) + 15 f4) - 6f(3) + f2) =0 
512-6 х343 +15 x216 - 20 f(5) +15 x64 -6f(3) - 820 
20 f(5) + 6 f(3) 2 2662 
10 f(5) +3 f(3) 21331 .44(3) 


Solving (2) and (3), we get 
Ff (3) 227 and (5) =125 


Example 4: Find f(6); it is given f(0) = -3, f(1) = 6, f(2)=8, f(3) = 12, the third 
difference being constant. 


Solution: The difference table for given values is as follows: 


0 

1 

2 

3 
о 


Now /(6) = E о) ү x starts from x 20 and h= 
= (+ д) f(0) 
=[1+ QA + 5C + Сз? + CLA + CS + 66646] 30) 


= f(0) + 6AF(0) + 15 f(0) + 204 f(0) - 0 +040 
=-3+6х9 +15 x(-7)+20x9 
2-34 54-105 +180 =126 


Interpolation with Equal Intervals эр 


Example 5: Estimate the production of cotton in the year 1935 from the data given below: 
Year (x): 1931 1932 1933 1934 1935 1936 1937 


Production f(x): 17.1 13.0 14.0 9.6 - 12.4 18.2 


(in millions) 


[B.C.A. (Kanpur) 2010] 


Solution: As six observations are given, therefore we can fit a polynomial of fifth degree 
and hence the sixth difference will be equal to zero. 


А f(x) =0 

(E - 1) f(x) =0 

[Ef - GE" 4.90 B* «90, + CLEP - 9C. B + °C) /(х)=0 

Еб f(x) - 6E? f(x) + 15 E* f(x) -20E f(x) + 15 E? f(x) - 6Ef(x) + f(x) 20 

f(x + 6) — 6 f(x +5) +15 f(x + 4) -20 f(x +3) +15 f(x - 22-6 f(x +1) + f(x) 20 
Taking x 21931, we get 

f(1937) — 6 f(1936) + 15 f(1935) — 20 f(1934) + 15 f(1933) –6 /(1932) + f(1931) 20 
18.2 -6x12.4 +15 х f(1935) 220 x9.6 +15 x14 -6 x13 & 17.120 
15 f(1935) 299.1 giving (1935) 26.60 


Example 6: From the following data find the value of U47: 
U46 20.2884, Ugg 20.5356,U49 20.6513 and Uso 20.7620. 
Solution: Since four values are given, we have 
MU, =0 or (Е- 0, =0 
[Et -4C E + 3C, E? - 4C, E e ПО, =0 
Uszy IU 43 + 6U,,» -4О0,,М%0,-0 


for x = 46, we have 


Ug -4U49 +6 U4g -4U47 + U46 =0 
0.7620 -4 x0.6513 + 6 x0.5356 -4 U47 + 0.2884 =0 
0.7620 -2.6052 + 3.2136 -4 U47 + 0.2884 =0 
4U47 =1.6588 ог U4;-0.4147 


3.2 Newton-Gregory Forward Difference Interpolation 
Formula 


If a, а + h,a + ?2h,...,a + nhare (n + 1) equi-spaced values of argument x so that a function 
у = f(x) assume the values f(a), f(a + h), f(a + 2h),..., f(a + nh), then 


(1) (2) (н) 
Ха + mh) = f(a) + Tr ro + DU flo гт ШЫЛ 
| i n! 
(ғ) 
= E m N f(a), where mU =m (m — 1) ....ém - (r - )). 


7 r! 
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Proof: We assume that the given function f(x) can be expressed as a polynomial of 
degree ліп x representing this in factorial notations. Let 
f(x) = Ag + A (x - aO + Ay (x 2) +... + А (х а) 
= Ау + A (x-a) + A(x ^ a) x -(ath)}+.... 
+ А (х= а) {x -(ath)}.... [x - {a + (n- 1) А] xed) 
where Ap, Aj, A», ...., А, are constants. 


To find these constants, put x 2a, a + h,a + 2h,....,a + nhin (1). 
Thus, for x-a (1) (а) = Ау = Ap = f(a) 
and for x=a+h, (1) = f(a-*h)2 Ag + hA 
- А (a * h) - Қа) Af (a) 
h h 
and for хэаж2Л,(1) = f(a+2h) = Ag + 2hA + 2h-h- Ag 
= 4, Utes 2h agah две 
2h 
_X fla А fla) 
260 212 
and so on. Thus, А, = 2 A" f (a) 
nth" 
Substituting these values of Ao, Aj, A», ...., Aj in (1), we get 
2 
f(x) = f(a) + АНА), -а)- АЛӘ (х= a) tx ^ (a+ 1))  .... 
h 21h 
n 
E = (x -—a) {x -—(a+h)}....[x ^ {a+ (n- 1) hj] 
nth 
. x-a 
Putting „=й (say) so that x =a + mh, we have 
1 
fain ү 2 т- B А fla) + T , m - D... m-(n-Y) МЄ 


E 


2) 2 m 
flat mh) = Ға) т D Af (a) —— А f(a) +....+ — A f(a) 
n! 
This is Newton Gregory formula for forward interpolation. This is generally used for 
interpolating the values of f(x), when x is slightly greater or slightly less than 0. 
Aliter: We know that 
f (a + xh) = Е“ f(a) = d А)” f(a) 
fla+ хй) =[1 + "GA + Fe +....+ * CA +....] / (а) 


= f(a) + “СуА (a) + * C, f(a) +... + ICQ f(a) 


Interpolation with Equal Intervals | bs 
as we have assumed f(x) to be a polynomial of nth degree so A" +1 F(a), etc. will be equal to 


Zero 


(0) An) 
fla+ xh) = f(a) + x Af (a) + T A f (a) + ....+ 2—4" а) 


n! 


which is the required formula. 


Cor: Newton-Gregory Advancing Difference Formula 


If we take a=0,h=1 and replace m by x, then the Newton Gregory forward difference 
formula become 


f(x) = f(0) + “СүА (0) + “C34 f(0) + ....+ СА f(0). 


3.3 Newton-Gregory Backward Difference Interpolation 
Formula 


This formula is used to interpolate the value of f(x) when x is much greater than a i.e., if 
the value to be interpolated lies on the other side. 


Let y = f(x) be the given function. Assuming that f(x) can be represented by a polynomial 
of nth degree in x, and expressing it in factorial notation, we suppose 


f(x) = Ау + Ay[x (а + nh) YO + Ao [x — (a+ nh)]2) +....+ Ax (а + ni) — ... (1) 
Where Ар, Aj, A» .... А, are constants 
or fix) = Ау + Ay [x — (а ni] + Ay [x — (а + ni] 
x [x - (a + (n—-1j] +....+ A [x — (a + nhn)] ....[x ^ (a + h)] 
Putting x=a+nh = /(а+ лл) = Ау or Ao = f(a + nh) 


x-act(n-l)h => flat (п- 1) = Ар + Aj (-h) 
_ flat nh) – f(a + nh —h) or A- Vf(a + nh) 
Н [Д v h 
х=а+(п-2) л = flat (n-2)h} = Ag + 4 (-2h) + A (-2h) (-h) 
f(a* nh) -2f {at (n-1j + flat (n-2)h) 
2/7. 


ог A 


Or Ag = 
_ V? f(a + nh) 
[2 Ie 
V" f(a + nh) 
іл т 
Substituting the value of Ao, Ау, A», .... Aj, in (1), we get 
V 1} 
f(x) = flat nh) + _ 
1 
М V" f(a + nh) 
[n h” 


and so on. Thus, A, = 


[x — (a+ nh)] +... 


[x —(a+ nh)] [x — {a + (n-1) n ]...[x - (a - h)] ...(2) 
» 
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x — (a * nl 
дт ала Е 

h 


or x=a+nh+ mh then, 


Let 


m(m+ 1) 


fla+nh+ mh) = f(a + nh) + mVf(a + nh) + X V? f(a +nh)+.... 


Diss -1 
4 mne) (m n-1) 


т V'f(aenh ...(3) 


This is the form іп which Newton-Gregory formula for backward interpolation is often 
written. 


5.5.1 To Express Newton’s Backward Difference Formula in Terms of 
Forward Difference 
By definition, we have 
У/ (а + nh) = (а + nh) – f(a* n—Ih) 


and A fía * (n—1) h = f(a+ nh) - flat (n-1h)} 
Therefore Vf(a + nh) =A fta * (n—-1) hj | | 
Similarly V? f(a+ nh) = А fta + (n -2) п| am 


V" f(a + nh) = A" fia + (n — n) hy = A" (а) 
Using these in (2), we have 


f(x) = f(a + nh) + ix - (a + uy 204009 
1 
2 


+ {x —(a+ nh)} [x — {a + (n — 1) Wp Fla 72) +... 


Е 


[л 1 
Now let x =a,a + h,a + 2h,...,a + nh be denoted by 
Х0,Х1,Х9,.... Ху 
and the corresponding value of f(x) by yo, yi, yo, ..... Уи then the above formula can be 
written as 
| А x 
F(x) = Int (x ~ Xn) Zt} + (x = Xy) (x Е х,-1) ре"? +... 


п 


+ (t= ap) Gr ca) 9) o 9 


іп h” 


giving the Newton’s backward difference formula in terms of forward differences. 


3.5.2 Prove the Backward Difference Formula for Interpolation 


f(x) = f(0) + xVf(0) + x (x + 1) v? f(0) + Р x (х +1)....(х+п+1) v" /(О). 
(2 л 


Proof: By definition, we have 
E-(-vyl 


< 


Interpolation with Equal Intervals 


67 
f(x) = E* f(0) = (1- V) * f(0) 
fen «| хара CE? yg Es бии vi oy 
= f(0) + x Vf(0) ED 2 £(0) е V" f(0) 
А : (x * I) 2 QXxX(x D. (xtn-l) n ; 
F(x) = f(0) + xA f [2 A f(-2) +...4 T A f(-n) 


Example 7: Given below are the figures of population of a district for different years. Find 
the population for 1975: 


1951 1961 1971 1981 1991 


Population (In Lakhs) : 7 9 6 14 16 


[B.B.A. (Meerut) 2008] 


Solution: The difference table is as given below: 


We want f (1975) = f (a+ uh), where a 21951, л z10 
at+uh=1975 = 1951+их10 =1975 


=> 10u=24 
> u- e -24 
10 


By Newton's formula for forward interpolation, we get 
f (ac uh) = f(a) - uA Бау —- A? f (а) 


и(и-1)(и-2) 
+ as (Сақан 


(u—1) (u-2) (u—3) 


4 
[1 А” Қа) 


АЗ (0) 


> 


Numerical Methods 
68! 


f (1975) = f (1951) -2.4xA f(1951) + 


23549. 451) 4 
= #1951) 


‚ @.4)(2.4-1)(2.4-2) 
[3 

0.4) (2.41) (0.4-2)(2.4-3) 
[4 


А? f(1951) 


АЗ f(1951) 


2.4х1.4 
— ——x 


=7+2.4х2 + 


сз), 2:9 l4 ENY 


„80.4 0.4) (60.6) 


24 (-33) 


-7-4.8-8.4-3.584-1.1088 


-8.0928 


Example 8: The following table is given: 


What is the form of the function f(x)? 


Solution: The table of the finite difference is given below: 


0 
0 


By Newton-Gregory interpolation formula, we have 


f(a+ mh) = f(a) + mA f(a) + шилэн А f(a) +... 
Here, а-О,Л-; л ала ee 
h 1 
Thus, f(x) = f(0) + x A f(0) + 2 TT ЖУУ 


Interpolation with Equal Intervals em 


Putting values from the table, we have 


f()234xx342 шан х2 


f(x) =343x42° -x-23i?42x43 


Example 9: From the following table of yearly premiums for policies maturing at 


quinquennial ages, estimate the premium for policies maturing at the age of 46 years: 


Premium уу: 2.871 2.404 2.083 1.862 1.712 


Solution: The table of finite difference is given below: 


Newton-Gregory forward interpolation formula is 


f(a+ mh) = f(a) + "СА f(a) + "Co € f(a) +... 1 


Here we have to interpolate f(46) 


a+ mh = 46; p 100 -2-02, а-45 


2. From (1), we get 


/46)- f(A5) + = 45) + 35) =A” f(45) 


5) 
-ҚЕЦЕ 45 (55 ээн» 
0.146 


f (46) -2.871-0.467х0.2- 


x 0.2 (-0.8) 


+ 79.046 х0.2 x(-0.8 x(-1.8 0.017 х0.2 х(-0.8) x (-1.8) x (-2.8) 
3x2xl 4x3x2xl 


22.871—0.0934 – 0.01168 —0.002208 - 0 .00057 12 
f(46) 22.763 
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Example 10: Estimate the sale for 1966 using the following table: 


1931 1941 1951 1961 1971 1981 
Sale in (1000) : 12 15 20 27 39 52 


x —1931 
10 


? 


Solution: Let us introduce a new variable m given by m = 


. m takes the values 0, 1, 2, 3, 4. 


The forward difference table is as order: 


Шанага ЛА 


By Newton-Gregory formula 
_ т(т-1) 9 m(m — 1) (m —2) 
f(x) = f(0) + mA f(0) + 2 — — А Лз 


Неге 41274,1966 -1931 35 235 
h 10 10 


Thus, /0966) 212 «3.5 хз + 2E хэ, PPM x 


3.5 x2.5 x1.5 x0.5 3.5 x2.5 x1.5 x0.5 x(-0.5) 
Зк 
24 120 
=12+10.5 + 87.5 + 0.82031+ 0.2734 
=111.09371 


х (-10) 


Example 11: If l, represents the numbers living at age x in a life table, find accurately as 
data will permit, 1, for value of x = 35, 42, 47 given Ing = 512, Бо = 439,40 = 346 and 
150 = 243. 


Solution: For the given values the difference table is as follows: 


Interpolation with Equal Intervals ‘er 


By Newton Gregory interpolation formula, 


flat mh) = f(a) + m f(a) + шшш o Fede UE OE 
2 [3 
1. To interpolate 55: Here a = 20, л = 10; for x 235, we have 


x-a 35-20 
h 10 0 


L5 


m= 


From (1) 


1.5 x0.5 1.5 x0.5 (0.5) у 


I5 =512 + L5 x (-73) + 7 x (-20) + 2 0 


=512 -109.5 -7.5 – 0.625 -394.375 


= 394 


2. To interpolate 149: 


4 
Here a=20,h=10 and m= 
-. From (1) 
lj 2512 42.2 х(-73) «7x22 1.2 x(-20) + 5х2.2х1.2 x0.2 x10 


-512-160.6-26.4-0.88 
-325.88 


=325 approx. 


З. To interpolate 7: 


_ 47-20 _ 
10 


Here m 2 f. 


г. From (1) 
li; 7512 42.7 «C 73) +5 2.7 x1.7(720) + 2 х2.7х1.7х.7х10 


-2512-197.1—45.9 4 5.355 2 274.355 =274 


Example 12: Find the number of men getting wages between < 10 and & 15 from the 


following table: 


Frequency 
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Solution: The difference table is as under: 


x 


Under 10 
Under 20 


Under 30 


Under 40 


Here, a=10,h=10, «. m= 5 


h 10 
Ву Newton-Gregory interpolation formula, 


уаз) = 100) + (.5) AFQ0) + 0.3) C0.) (0.5) (-0.5) (-1.5) 


А2 f(10) + A? f (10) 


(0.5055)... 0.5 0,5) C3)... 
|2 |3 
29415 -0.625 +0.125 


f(15) 29 + 0.5 x30 + 


223.5 
= 24 approx. 
" number of persons getting wages between € 10 and 15. 


= /@5)- 409) 
-24-9-15. 


Example 13: From the following table, find the number of students who obtained less then 
45 marks. 


3040 4050 5460 4070 


Solution: The table of finite difference is given below: 


NNEGE SEE IE 


Below 40 
Below 50 


Below 60 


Below 70 
Below 80 


Interpolation with Equal Intervals 


== =| 75) 
Newton-Gregory formula for forward interpolation is 

f(a+ mh) = Ра) + "СА f(a) + "СА f(a) +... 2241) 
Неге h=10,a=40 
We have to interpolate f(45) 


Thus, a+mh=45 = 404+m.10=45 


=> т= 0.5 21/2 


"E 
/@5) = f40) + А pP S 


1 Numerical Methods 
74! 


/ Solem Set / 


Obtain the missing terms in the following table: 


[B.C.A. (Avadh) 2009] 


Find the first term of the series whose second and subsequent term are : 
8, 3,0, 1,- 1,0 


1 iven 3 : : 1 B : =8; find A z 
0) G Up =3, U; =12,0 =81, U3 =200, Uy =100, Us =8; find wer 


(1) Given Ug LU; ILU» =21,U3 =28 and U4 =29; find A Up. 


Given Up 2580, U] 2556, Uy = 520 апа Uy = 385; find Us. 


Given Ug + Ug -1.9243,1Л + U7 1.9590 
0, + Ug 1.9823, U4 + Us -1.9956 


Find U4. [B.C.A. (Meerut) 2003] 


By the method of interpolation, estimate the missing value in the following table 


of rice cultivation giving area in 10,00,000 hectares: 


Find by constructing the difference table: 
(i) Eighth term of the series 

I; 1.095, 1.179; 1.25 1, 1310; 
(ii) Tenth term of the series 


3, 14, 39, 84, 155, 258, .... 


Prove that Newton-Gregory interpolation formula can be put in form: 
f(x) = ҒО) + xAf(0) — ха f(0) + харА f (0) — хард f (0) +... 


Dacia 


Where а-1- etc. 


Interpolation with Equal Intervals 


9. 


10. 


11. 


12. 


13. 


75 


Write down the polynomial of lowest degree which satisfies the following set of 


number: 


0, 7, 26, 63, 124, 215, 314, 511. 


Find the polynomial which fits the data in the following table: 


From the following table of yearly premiums for policies maturing at quinquennial 


ages. Interpolate the premium for policies maturing at the age of 12 years. 


Age (years) 10 15 20 25 30 35 
Premium f(x) 3.54 3.22 2.91 2.60 2.31 2.04 


Using Newton-Gregory formula for interpolation to find the net premium at age 


25 from the table given below: 


0.01427 0.01581 0.01772 0.01996 


The population of a country in the decennial census were as under. Estimate the 


population for the year 1905. 


1891 1901 1911 1921 1931 


Population f(x) | 98,752 132,285 168,076 195,690 246,050 
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E 0.123, f(0.4) 20.090 
em э 
Eje LLL 


5. |0.9999 
76.16 


1.399 (i) 1110 


х +322 +3 х, which is the required polynomial. 


/@2) 23.41 (Rounded up value) 


0.0162544 approx. 
147841 


ICT RN 


OOO 


Unit-2 


Chap [ en 


Interpolation with 


Unequal intervals 


4.1 Divided Differences 


et f(xo), f(x1),...., Рл) be the entries corresponding to the arguments xo, xj, ...., Ху 
La where the intervals xj = x0, X2 —3xj,..., x, — Ху] may not be equal, ie., not 
necessarily equally spaced. Then the first divided difference of f(x) for the arguments 


Хо» Хү is defined as 
Уо) fo) Qs few = feu) 


25 — Хо х) — 4 
and is denoted by /(хо, ху) or by А (х0) 
Х| 


Similarly, the other first divided differences of f(x) for the arguments 
X], X9, X3, ...., Хус) X are 
(x2) - Ах) 
Fly, x) = 4822 09. y Жо) 
Хә —X] Ху 
X3) — f(x 
fly, xy) = 228) A л до) 
X3 — X9 X9 


Xn — Ха-1 Xn 
The second divided difference of f(x) for the three arguments xo, xj and ху is defined as 


foa, хо) - fo a) _ fo 1) 7 fr) о, iio) 


f 9:235, Хо) = - я 
Хә — X0 Xo — 39 Xp X 
The nth divided difference is given by 
f 00,39, ...., Xn) — f 9,31 X41) 
Тоо% Ху Й-С------------- 
Х,- X0 
(X9, 33; ...., X4 1) = f G0. X9,....., Ху) 
= f n Т n^ At} F(x) 
Xo — Ху Хү, AQ, Хи 
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Note: If two of the arguments coincide, the divided difference can be given a meaning 


assigned by taking the limit. Thus, 


Р(хо, Хо) = Ша (хо, ду + ©) = lim 
e>0 є-0 


Р (х0), 


є 
if f(x) is differentiable. 


m T ху ЇЇ 
Similarly, Жоо, Хо» хо) xor d (30), s J Xor 392 X0) =— fO). 
: (r +1) arguments 2 
411 Divided Difference Table 
A useful table called the divided difference table showing the values of the argument x, 
the entries and the divided differences is given below: 


A? f(x) 


A? f(x) 


^ f(x) 


x | fæ) 
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41.2 Properties of Divided Differences 


Theorems 


Theorem 1: The divided differences are symmetric functions of their arguments 
that is, the value of any divided difference is independent of the order of the 


arguments. [B.C.A. (Lucknow) 2006, 2010] 


Proof: We have, F(x, ху) = fon - fo) = Fo) = Ая) = f(x, хр) 


x = Хо Хо - Х| 
X X X 
_ Лобо) Ла) у fo) 
Хо = Х| Х- Хо XQ д 
showing that f(xo, хі) is symmetrical in xo, xj. 


Again, f(x9, 3j, x9) = Лб хо) - ХХ) 


X9 — Хо 
a | fo), fm) Hl flo) , ftm) | 
(ә -ж) [а-ә 9-х| (0-4 4-X 
а f) | fœ Ly 7 39) - 4 7 19)] М fo) 
(xo — ху) (xg — x29) (x2 – x9) 0 7x9) (лхо) — Q9 — x9) (x2 — 3) 
_ fx) А fo) " f) 
(xy = х) (x9 =) (ах) (е) (x3 — x9) (39 — x) 
f (xo) 


Or rp e cum 


showing that Р(х, xj, хә) is symmetrical in xo, 1, Хә. 


Let us assume similar symmetrical expressions for the (n – I)th divided differences i.e., let 
us assume that 


f (x9) Жа) 


(x9 3j) «(9 7x4 1). (ху 7 x9) Gà 7 39) 0 7 141) 


f) 


+ € —— Ó(—M—QMPÓ —ÀMá——nÜ———Q——suá—— "n —PÀ—Há—M— saa d 
(xy 21 7 x9) G1 7 3) Q1 7 14-2) 


f 9:3 x4 1) = 3E esae 


f (xo) 


(xo ын х) — (хо = Хэл) 


and similar expressions for the other (n — I)th divided differences. 


ДО» +++, X82) - fs Xn) 


Then, f(x, Xj, ...., Xn) = 
XQ — Xn 
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201 Fx) А F(x) А 
(x9 = Xn) | [G9 = 1)... (Xo x4 0 (4-%6).-(4-Х,-1) 
f(x, 
+ ———— ns: 
(xq 21 = XO) (Жу з] 7 X42) 
_ | fa) " f(x) 2. fn) 
(ж — XQ) ....(4 7 x4) (9 — 3)... (x9 — Xy) (x4, =X) (X4 7 X41) 
= f (xo) + fo) i f (xn) 
(x9 —X]) «(xg x4) (3 7x9) (Q3 7 xy) (x4 — x9) «(X4 — X4. 1) 
E fo) 
(x9 =) .... (X9 = Xn) 
Showing that the mth divided difference f(xo,xj,....,x,) is also symmetrical in 
Х0,51,....,Х, and thus completing the proof of the theorem by mathematical induction. 


Thus, we see that a divided difference is a symmetrical function of all the arguments 
involved and it follows that for any function f(x) the value of a divided difference 
depends only on the values of the arguments involved and not on the order in which they 
are taken. Thus, 


f (x9, 4) = f(x хо), f(x, Хү, Хо) = РО, Хо, хо) = f (x2, ху, Хо) =.... and so on. 


Theorem 2: The nth divided differences of a polynomial of the nth degree are 
constant. [B.C.A. (Kanpur) 2005, 2008] 


Proof: First consider the function f(x) = x". The first divided differences of this function 
are given by 
Хоу а) Е f(xy) = rai ~ xy 

+1 Ху Г Xp] Xr 


_ n-l n-2 n-2. n-l 
=x q t4 үү tetap up tX. 7; 


Fr tp у) = 


which is a homogeneous expression of degree (7-1) in xp, x, 4). 
[Note that a” — b” = (a — b) (a 7} + à! 2p + a" 342 +....+ ap? 72 + ph] 


The second divided differences are given by 


РО, Xp 41) — f +1, Х, 42) 


Жа» Ху» Хун) = 


Xp — Xp 49 
Мара X42) - fs xe ua) 
X42 —Xr 
Е 1 n-l 2 n- n-2 
TE 2-5) Urea +14042 test рхо +447) 
Ay + Жү 
n-l n-2 1-2 п-1 


“(Жу ta best XR trt; )] 
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0-1 n-l n-2 n-2 
х2 Xr 1+2 ^ ^r n-2 (2-25) 
х ет ЕЕЕ 
X42 7 А X42 2 X42 7 Ху 


_ LP n-2 n-3 
(оро анар) Ха (аа teeth ep 7) Peta үү, 


which is a homogeneous expression of degree n – 2 in x,, x, 41 and x, 49. 

By induction it can be shown that f(x,, x, ,1,...., X» +m) is a homogeneous expression of 
degree л – m. In particular, the nth divided difference of f(x) = x" is an expression of 
degree zero, ie.,is a constant, and is therefore independent of the values of x,, x, 41, 
V4 Qo Аран: 

Since the nth divided differences of x" are constant, therefore, the divided differences of 
x" of order greater than n will all be zero. 


If f(x) = ах", where a is a constant, then the mth divided difference of f(x). 
= а (the nth divided difference of x"), which is a constant. 


Hence, if f(x) 2 ayx" + ae +... +d, рх + a, be a polynomial of degree n, then the mth 


divided differences of all the terms except дух” will be zero and so the mth divided 
difference of the whole polynomial will be constant. 

Theorem 3: The nth divided difference can be expressed as the quotient of two 
determinants each of order n + 1. 


Proof: Let us consider the third divided difference. 
f (x0) 
(хо = д) (xo = x2) (хо — x3) 
_ E [f (xo) (difference product of хү, хо, x3)] 
difference product of xo, xj, х9, Хз 


We have, (х, ху, 19, 33) 2 E 


By the theorem of determinants due to Vander-Monde, the difference product of 
244 
Х,Х2,Х4-|Х XQ X3 


1 1 1 
3 3 3 3 
2 2 X) д о x 
1 92 53 2 2 2 g 
Therefore, f(x9,3j1,x9,x3) 2E| f(xg) | лу x || 0 X 32 33 
ia 1 X) Xp 9 5% 
1 Dol 1 
foo) fla) Жә) Жә bd аз а ә 
2 2 2 2 d. e dr y 
X Xi х Р 
or F (ху, 33, 39,33) = 0 1 331430 X 25 23 
Xo x х9 Хз Хор X] Хэ X3 
1 1 1 1 11 i 1 
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Thus, the third divided difference has been expressed as the quotient of two determinants 
each of order 4. 


Proceeding the same way, we can express the higher order differences as the quotient of 
two determinants each of order one more than the order of the difference. 


Theorem 4: The divided differences can be expressed as the product of multiple 
integral i.e., 


( ) ‘a E 2 d 
Ді о, алт | Я] t vs] 
7 ]» *2 n J, 1 0 2 0 3 0 


t 
n-2 21 
f” (us) dt, 1 


Where Un = (1 = 8) y+ (q = ty) Ху ТТЫ (2 — fa. 1) Xn-1 + t4 1 X Ң,0,8,...,і, 


n-l 


are independent variables and f" ^ means the (n — I)th derivative of f. 


Proof: First, we shall prove the result for n 22 and n 23. 


1 1 
For 1 =2, the RES. = | f! (wy) dh -| f' (0-6) x + 23) d 
0 0 


125 -4) 4+ | 


Хә —X 0 


_ Лоо) - fa) _ f (4, x2) =the L.H.S. 
X9 —X] 


Again for n =3, the R.H.S. 
E 
- da f ^" (u )dt. 
J, js Л” (ug )dty 


I t 
- |, |, f'i0-8) Х| + (4 - ty) X9 + to X4 } dt» 


1 
-1, dt [P 40-6) + (д — ty) x9 455331 /« -ж) 


І , 1 
ET Ја +3) dt Раа) + хо) dt 
Gs xps су“ 03) Жер! G cx cap d B МЕЗ 


5 Жа) 2 fo) " Жаз) 
(хр = х0) (4-43) (x2 —x)) (хә — x3). (аз - д) (әз — x2) 
= f(x, хо, x3) =the L.H.S. 
Thus, the result is true for 1 = 2 and n = 3. 


Now let the result be true for n arguments. We shall show that it is also true for (n + 1) 
arguments. 


fy = 


We have, І l Mu, 41) dt, 
0 


5-1 
- |, f" 40-6) t+ (t —t9) xo +....+ (ty p m tu) Xn + xu) dtn 
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-1 n-l 
— f” Ци! й) | (4 to) Хә і sb (р Ж, СНІГ 
Хан 7 Хи 


1 =] 
-Ш-6--(/ а Т 4)х teet (%,-2 ~ і, 1)X4-1 + іы ху) 
Xn — Ху] 


-1 
x d = ЕЛ +.. F (%, 2 т Ё,-1)Хи-1 + ty—1¥n41] 


1 f кей 
| da f ds І f"(u, 4) dt, 
0 0 0 


_ РО, X95... X4) — РО, Хэхэ Хул» Хул) 


Хат Ха-1 


Жа, 39,34) 7 fte Хо». X p Xn) А т 
= ——— [interchanging x, and х,| 
Xp = X41 


FAG 395 X4) ТОРХ Xa Хал) | 
E Б = f(x, Хо, Хул) 
Х|р- Хур 
Thus, the result is true for (л + 1) arguments. We have already shown that the result is 
true for 2 and 3 arguments. Hence, by mathematical induction the result is true for n 
arguments where лі any +ive integer. 


4.2 Newton's Formula for Unequal Intervals 


Let /(х0), Р(х), ...., f(x) be the values of f(x) corresponding to the arguments 
Х0,Х1,...., Ху not necessarily equally spaced. From the definition of divided differences, 


f(x) = f (xo) 


Р(х, хо) = : 
X = х) 
or f(x) = Ж) + (x хо) f(x, хо) d) 
Also Hedy, nisl oe) 
Х— Х| 

ог Дх, xo) = f(x9, 31) + (х— 11) f(x, хр, 41) .-(2) 
Similarly f(x, xo, x1) = (хо, д, x9) + (x — x3) f(x, x9, Ху, 12) ...(3) 

FAO Ma Kp) = fps) + Qr) (х,у, лу,...› у) 244) 


Multiplying the equation (2) by (x — x9), (3) by (x — хо) (x — ху) and so on and finally the 
equation (4) by (x — хо) (x — 31) .... (х= x, .1) and adding to the equation (1), we have 


f(x) = f(xo) + (x 7 xo) (хо, ху) + (x — x9) (x ^33) fxg, 1, ху) +... 
+ (x = x9) (Х —лу)....(х 7 ху) Ро, Hos Xn) + Ry 
where the remainder R,, is given by 


Ry = (x — x9) (x —3]) (x — x4) f(x XQ Xp. Жу). 
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Assuming that f(x) is a polynomial of degree л, f(x, xo, x, ...., х) vanishes so that 


Р(х) = f(x) + (x — x9) f(xg, д) + (x 7 x9) (x 734) f(xo, x, X2) +... 


+ (£= xo) (x= t) (£ x4 4) f(X9,3jp,- Xa) (5) 


This formula is called Newton’s divided difference interpolation formula. 


4.2.1 Relation Between Divided Differences and Ordinary Differences 


Let the arguments x, xj, x», ...., x, be equally spaced, 


Ls h=ġ -x0 = х) -4 =... = Xy — Xy] 
and let x = xo + uh. Then, 
x) — f(x 1 
Жақы ш. LT ыу. 
X| — х0 h 
LA flay) — A fla) 
ui xo) -= 
JO Xp. x уг Fo) = fo). Л h 
шин Хо - Хә -2Л 
Ї Q2 
----- А f(x). 
21g Ж о) 
КЕН 1 
Similarly, | f(xo,3j,...., Xn) = T A" f (xo) 


Substituting these values of the divided differences in Newton's formula ie., the 


equation (5), we get 


uh (uh — h) р; 


) 
f(x + uh) = f(x) + m A fao) + a E Flt) + 
: uh (uh — h) (uh an (uh —n—1h) A' f(x) 
nth 
э аа Қала аР 


2! 


" u (u — 1) шигшээ 7775 


= f(xy) + "СА f(xg) + “CoM f (x0) +....+ "ON f(x), 


which is Newton's formula for advancing differences. 


4.3 Lagrange's Interpolation Formula for Unequal Intervals 


[B.B.A. (Meerut) 2011; B.C.A. (Bhopal) 2008, 2012] 


Let f(x) denote a polynomial of the nth degree which takes the values yo, yi, yo, ...., Yn 


when x has the values xo, Хү, Хэ, ..., Ху respectively. Then the (л + I)th divided differences 


of this polynomial are zero. Hence, 


Р(х, x9, 31, X2... x4) =O 


441) 


< 
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But we have, А л Хээл гэх Na) 
(x 2x9) (х=) (x 239) ....(x x4) (xg — x) (x9 — x1) (x9 -32)--4(Х0-3Хд) 
——————————— 
(х= x) (ху хо) (лү — ху)... (ху — xy) (xy — x) (Xn — x9) (ха)... (х1) 
. ; РА 
Аси (x 7x9) (x ^ 4) (x ^33) .... (x = xy) 
+ Юю + _ ~ A ы — 
(xo = x) (xo — ху) (xo — 32) (x9 = Xn) 0 7 x) (%1 7 x9) (дү 7 x2) 06 7 Xn) 
Jn 
+ -- 


Transposing all the terms except the first to the right hand side, we get 
Sr ee 
(x — xo) (x = xy) (x — 49)... (x — x3) 
2 Jo " JA " 
(x — xo) (xo = д) (хо хо)... (х0 = ха) (х=) (ху 7 39) (дү = 22) 00. 7 ху) 
" Jn 
(x = x4) (Ху 7 x9) (х=)... (хр) 


Solving for y and then removing the common factors (x — хо), (x = д), (x ^ ху),. 
(x = хз) in the respective terms, we get 
бау) (та) y gp G9) oy) eo) 

(хо = х) (хо = х0)... (х0 = Xn) (= х0) (ху 739) (0 7 x4) 


.... 


" (x — xo) (x — ху) (x 7 x3) ....(x ^ x) debes 
(x2 — x9) (хо — ху) (хә — x3) .... (XQ — ху) 
(x 7 x9) (x 733) (x 7 32) (x — x41) 


(ху хо) (х, x) (X хэ) 5524) (х, ~ Tür) 


Jn 42) 


This is Lagrange's formula and is seen to give у = ур, yj,...., Yn when x 2 xo, 4j, ...., Ху 
respectively. The values of the independent variable may or may not be equidistant. 


Since Lagrange's formula is merely a relation between two variables, either of which may 
be taken as the independent variable, it is evident that by considering y as the independent 
variable we can write a formula giving x as a function of y. Hence, on interchanging x and 
y in (2), we get 

2L Qr - 9) Q 7 Ja) (Y= In) dn (Y= Yo) (Y= ә)... (Y= In) 
(Yo = JA) (Yo = V2) +++ (Vo — In) (л = Vo) Ot 7 №)... — In) 
p COD = Siar Хулд -. 

(о = Yo) O2 = JA) +++ (V2 -— In) 

(у= Jo) Cy - 90 -= In-1) 


(In = Yo) In — JA) In- In-1) 


X 


Xm (3) 


» 


Numerical Methods 
86! 


Тһе main uses of Lagrange’s formula are: (i) to find any value of a function when the 
given values of the independent variable are not equidistant and (ii) to find the value of 
the independent variable corresponding to a given value of the function. 


The reader will notice that Lagrange’s formula is tedious to apply and involves a great 
deal of computation. It must also be used with care and caution, for if the values of the 
independent variable are not taken close together the results are liable to be very 
inaccurate. 


SOLVED EXAMPLES 


Example 1: Construct a divided difference table for the following: 


[B.B.A. (Meerut) 2008] 


Solution: The divided difference table for the given data is as follows: 


0.535 - (-1.6) 
12-1 
=0.194 


1.75 —(—3.6) 
DE 
=0.535 


216-106 232 
12-7 


Example 2: Find the third divided difference with arguments 2, 4, 9, 10 of the function 
Р(х) = АЎ – 2х. 
< 


[B.C.A. (Kurukshetra) 2012] 
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Solution: The divided difference table is: 


269-131 - 
10-4 -. 


Hence, the third divided difference is 1. 


Example 3: Find out the divided differences of y y, given that: 


.535 - (-1.6) 
12] 
2.1940 
1.75 - (-3.6) 
12-2 
=.535 


216-106 | 
2-7 


22 
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Example 4: If ¥35.0 =] 175, J35.5 = 1280, J39.65 = 2180, уло = 2420, find J'40 by 
divided differences. 


Solution: The divided difference table is as given below: 


1280 -1175 
35.5 -35 


=210 


2180 -1280 


————— =225 
39.5 - 35.5 


240-225 | 
40.5 -35.5 _ 


2420-2180 


--------240 
40.5-39.5 


Ву Newton's divided difference formula for arguments до, Хү, Ху, хз, we get 
Ух = J (x9) + (x — x9) y (9,31) + (x — 39) (x — 11) у(х, 11; 12) 
+ (x 7 x9) (x — ху) (х= ху) y (XQ, Xp, Хо, Хз). 
Substituting the values from the table and taking x =40, we get 
Уло 21175 + (40-35) x210 + (40 - 35) (40 – 35.5) x 3.33 
+ (40 – 35) (40 - 35.5) (40 - 39.5) x (-0.06) 
=1175 +1050 + 74.925 -0.675 
= 2299.25 


Example 5: By means of Newton’s divided difference formula find the values of f (8S) and 
f (05) from the following table: 
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Solution: The divided difference table is: 
4 48 


100-48 - 
5-4 0 


52 


294-100 | 
7=5 


97 


900 -294 | 
[0-7 
310-202 _ 
1-7 ` 
1210 — 900 
11-10 
409-310 _ 
13-10 — 
2028 -1210 
13-11 7 


Using Newton's interpolation formula for unequal intervals i.e., Newton's divided difference 
formula, we get 
f(8) =48 + (8-4) x52 + (8-4) (8-5) x15 + (8-4) (8-5) (8-7) x1 
- 448, 
and f(l5) =48 + (15 -4) x52 + (15 – 4) (15 -5) x15 + (05 – 4) (05 -5) (15 - 7) x1 
=3150 


Example 6: Given that f(0)=8, f(1)) = 68, f(5) =123, construct a divided difference 
table, using the table determine the value of } (2). 


Solution: The divided difference table is as given below: 


13.75 -60 | o 95 


5-0 


j Numerical Methods 
90 | м 


By Newton’s divided difference formula, we get 
f(x) = ТОхо) + (x — xo) Оо) + (x — xo) (х= р) Р(х, Xp, ху) 
f(2) =8 + (2 -0)x60 + (2 -0) (2 - 1) (9.25) 
=109.50 


Example 7: If f()- 5, find the divided differences f (a, b), f (a, b, c)and f (a, b, c, d). 
[B.C.A. (Kashi) 2008] 


Solution: We have, f(a, b) = ——————— = ———— 


"алара E i 
ф-а) т dr (1) 
Again Мау 050 АН, 
с-а 
1 b+c a+b | 
PEE i pea using (1) 


(с-а) alc? 


-| нэн 


21 pem 


-а) а c 
ab + bc + ca 
Er» en 
f (b c, d) — f(a, b, с) 
4-а 

1 M MIA 

pc d? a^ p^ c 
D. | à (be + cd + db) — d? (ab + bc + ca) 

abc? a 

_ 1 аа - d?) + acd (a-d) + abd (a - d) 
(d-a) арса: 
_ (a — d) | be (a+ d) + acd + abd 
- (d - a) DEL 


abc + bed + acd + abd 
abcd? 


Now, f(a Ь, с, d) = 


using (2) 
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Example 8: Show that A 3 (2) = – 20: 
bed abcd 


Solution: The divided difference table is as follows: 


1 


1 
сэр bed abe _ EM 


а-а abcd 


gi- ] |. 1 


Непсе, = — =-—.. 
hed 4 abcd abcd 


Example 9: Show that № х3 = х+ у +7. 
уг 


Solution: We construct the following divided difference table: 
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Example 10: Find the polynomial of the lowest possible degree which assumes the values 
3, 12, 15, - 21 when x has the values З, 2, 1, — 1 respectively. 


Solution: For the given data the divided difference table is as given below: 


By Newton's divided difference formula, we get 
Ро) = flap) + (Œ — 9). Af G9) + (х — x9) (кд) A f G9) 
+ (x — до) (x=) Gc 733) A f (x0) 
or f(x) 2-21« {x - (-1)} (18) + {x - (-1)} (x —1) (-7) + (x - (CD) (x - 1) (x -2) 0) 
214 (x 1)184 (x+ D (х —1) (—7) + (x +1) (x - 1) (x - 2) 


= 912 +17х +6. 


Example 11: Find the form of the function y =U, given that 


Оо = 8, Uy =11, U4 = 68, Us = 123. [B.C.A. (Indore) 2012] 


Solution: The divided difference table is as given below: 
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By Newton’s divided difference formula, we have 
U, =8+ (х -0)-3 + (x -0) (x -:4-(x-0)(x-D(x-4)-1 
2843x44x? Ax 4 i - 5x3? 44x 


=x X3 43x48. 


Example 12: Given the values: 


From the table of divided differences and extend is to include the values x = 2 and x = 15. 


Solution: The divided difference table is as follows: 


Uy 2484 52 (x -4) + 15 (x -4) (x -5) + 1 (x - 4) (x -5) (x - 7) 


248-52 (x -4) +15 (3? - 9x + 20) + (x? 16x? + 83x 140) 
= — = x7(x-1) 
иу-23-22-4 and шұ =15° -15? =3150. 
The original divided difference table is for the arguments values 4 to 13, leaving 2 and 15 
and the figures in antigue. 


The complete table, with arguments 2 and 15 and the figures in antigue, gives the 


original divided difference table extended to include the values x 22 and x 215. 


» 


1 Numerical Methods 
94 | 
Example ІЗ: Find a polynomial satisfied by (-4,1245),(-1,33),(0,5), (2,9) and (5,1335) 
by the use of Newton’s interpolation formula with divided differences. 
OR 


Find the polynomial of the lowest possible degree which assumes the values 1245, 33, 5, 9 
and 1335 at x = – 4, — 1, 0, 2 and 5 respectively. Also find the value of the polynomial at 
the abscissa 1. 


Solution: For the given values the divided difference table is as follows: 


33 -1245 
-1-4 


--404 


-28-404 | 
0-4 


2-28- 
2-1 


Using the values from above table in Newton’s divided difference formula, we have 
f(x) 21245 + (x + 4) (C404) + (x + 4) (x + 1) (94) + (x + 4) (x + 1) (x).(714) 
+ (x +4) (x +1) (x)(x-2)3 
-3x* - 53? £63? - 14x +5. 
For abscissa х-і, we have 


fll) =3-5+6-1445=-5. 


Example 14: Find the polynomial of fifth degree from the following data: 
uy = —18, m = 0, из = 0, us = - 248, ug = 0, u = 13104. 

[B.C.A. (Lucknow) 2007] 
Solution: From the given data we see that the value of the function is zero at x =1,3, 6. 
Let the function f(x) be a polynomial in x. Then (x – 1), (x — 3) and (x — 6) will be factors 
of f(x). 
Let f(x) = (x —1) (x -3) (x 2 6) р(х). (1) 
Since we are given 6 values, so we can fit a polynomial of fifth degree. As such р(х) will be 


a polynomial of second degree in x. 
< 


Interpolation with Unequal Intervals 


(95 
sz fH) 
кешу P= -3)0-6) 
me M 4418 4 
pr (0-00-3 0-6 -18 . 
et ШО. ji 
ЕЕЕ GS 
and "о Ке зар 


(9-1(9-3)(9-6) 144 


Now we shall find p(x). The divided difference table for p(x) is as follows: 


By Newton’s divided difference formula, we get 
p(x) = pO) + (x —0) Ap(0) + (x -0) (x -5) 4 p (0) 


2 


=1+х.6+х(х-5): = х5 + х +1. 


Thus, f(x) = (x -1) (x -3) (x -6) G2 + х +1) 
= х? -9x* 418? – 3? +9х-18. 


Example 15: If the data are ug, из, ид, из, uj and the interpolation formula is 


uU, = щ + G Ащ + О 42 u + С; E шу + Сб A ир 
3 4,7 3,4,7 3,4,7,11 


find the values of Cj, Cy, C3 and C4. 
Solution: Newton's divided difference formula is 


Uy = U(xQ) + (x — ду) u(xo, 35) + (x — ду) (x — x1) и(х0,5,Х2) 


F (x — x9) (х= хр) (x — ху) u (xg, X], X9, Хз) 


+ (x — x0) (x — 3) (x — хә) (x — x3) u (X0, X1, X2, Хз, X4) 


Uy = щ + (x-4) Au, + (x -4) (x -3) ж. 18 
3 4,7 


+(х-7)(х-4)(х-3) X цу+(х-0)(х-7)(х-4)(х-3) X ag 
3,4,7 3,4,7,11 


comparing it with the given result, we get 
С 2x -4, C9 =(x -4A) (x -3), Сз = (x - 7) (x -4) (x -3), 
C4 =x (x - 7) (x - 4) (x - 3). 
» 
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Example 16: Using the following table, find f (x) as a polynomial in powers of (x - 6). 


Since the third differences are constant, f(x) is a polynomial of degree three and hence 
the argument 6 should appear 3 times successively in the difference table. The extended 
table has been shown below the dotted line. 


from the column of third differences, 


НЭЭ еі ior а-аа. 
6-3 

Also 0 1 > а”-а-І-і17, 
6-7 

апа 2. 1 > a’ =a -4=13 
6-10 


Interpolation with Unequal Intervals Жж 


From the column of second differences, we һауе 


I ха = b=140-a=122, 
and Ls 28 => //-р-4а =54. 
6-10 


Again from the column of first differences, we have 
c — 561 


—— =} => c=561-4b=73. 
6-10 


Newton's formula with arguments xo, Хү, X, Хз is 
f(x) = f(xg) + (x 7 x9) f (x0: д) + (x — xo) (x — x1) / (x0; xp, 12) 
+ (x 7x9) (х= лу) (x 7 39) Р(х, 4, X9, X3) 


Putting X) = X] = x3 = x3 = 6, we get 
f(x) = f(6) + (х6) + (x -G P a’ + (x -6 xl 


273454 (x -6) +13 (x - 62 + (x -6)°. 


Example 17: Apply Lagrange’s formula to find the cubic polynomial which includes the 
following values of x and y,: 


Solution: By Lagrange's interpolation formula for the given values, we have 


M -G-DG-4G-9  (к-0)(ж-4)(-6) 0, 
(0-D(0—4)(0- 6) (1-0) (1-4) (1-6) 


(x — 0) (x - D) (x - 6) (x -0) (x -D (x - 4) 


$ e(l) SO .(-1) 
(4-0) 4 -1) 4 - 6) (6 —0) (6 — 1) (6 - 4) 
„Ж ИҰ” 4394-24 57-10 424p Tr d hr 
" -24 15 -24 
_ x5 —5х^ +4х 
60 


22275 2047 fe. 9 


t : 
120 24 120 4 


Example 18: In the following table h is the height above the sea level and p the barometric 
pressure; calculate p when h = 5280. 


Solution: Неге, хо 20, x; = 4763, хә = 6942, хз 210594 and (хо) 227, f(xy) 225, 


Хо) 223, f(x3) 2 20. 


» 
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Applying Lagrange’s interpolation formula taking x =5280, we have 
(5280 — 4763) (5280 — 6942) (5280 – 10594) 
(0 — 4763) (0 — 6942) (0 210594) 

(5280 – 0) (5280 – 6942) (5280 – 10594) J 

(4763 — 0) (4763 — 6942) (4763 – 10594) ^ 
(5280 — 0) (5280 – 4763) (5280 - 10594) е 

(6942 — 0) (6942 — 4763) (6942 – 10594) 

(5280 – 0) (5280 – 4763) (5280 – 6942) 

(10594 — 0) (10594 — 4763) (10594 — 6942) 


f(5280) = x27 


( 
( 
)( 
)( 
x 20 


or 763280) =0.34437 + 19.26325 + 6.03776 — 0.402204 = 24.80. 


Example 19: Given, 109 654 = 2.8156, 10010658 = 2.8182, 
log 10 659 = 2.8189, 10010 661 = 2.8202 
Find log (у 656. 


Solution: For the values xo, xj, Хэ, хз Lagrange's formula is 


dd о а) охо) (80-38) 77 d Se “517 EE 
МЕ UE Аы. А ) 


NETPTEETEE 
FO2)* уфа са) ба гаа) ^ 9^ 


(x9 Xo) (хә х) (хә X3) 
Here, ху 2654, xj 2658, x4 2659, хз = 661, x = 656. Substituting these values іп Lagrange's 
formula, we get 


(656 — 658) (656 — 659) (656 — 661) 
(654 — 658) (654 — 659) (654 — 661) 


‚ (656 - 654) (656 — 659) (656 — 661) 
(658 — 654) (658 — 659) (658 — 661) 


, (656 — 654) (656 ~ 658) (656 - 661) 


logjo 656 = x2.8156 


x2.8182 


-------------------Х2.8189 
* (659-654) (659 - 658) (659 - 661) 
(656 - 654) (656 - 658) (656-659) , ono 
(661-654) (661-658) (661-659) ^ 7 
logio 656 =- 2003 Э) 28156, О СЗЭ) 2 8182 
(-4) (-5) (-7) (4) (-D (-3) 
C002 ea 8189 + C2 C3 2 воо 
(5) (0 (-2) (7) (3) Q) 
.3x2.8156 5х2.8182 2х2.8189 2х2.8202 
2114 2 1 7 
- 0.6033 + 7.0455 – 5.6378 + 0.8058 
- 2.8168. 


Interpolation with Unequal Intervals m 


Example 20: The values of y and x are given as below: 


Find the value of y when x =10. 


Solution: Applying Lagrange's formula for xy = 5, xj 26, x9 = 9, хз = 11and x = 10, we get 


(10-6)00-9)00-1) ,, , (10-5) (10-9) (0-1) 
(5 —6)(5—9)(5—1]) (6-5) (6-9) (6 -11) 


Jio = 


10-5) (10-6) 10-11), | 00-5) (10 - 6) (10 - 9) 
(9 5) (9-6) (9 -11) (11-5) (11-6) 11-9) 


AOD .,,, DOM 44, OOD 4, 040 
) 6060 


x16 


Е x16 


~ ED (-4) (-6) (1) (-3) (75) (4) (3) (-2 
=2 -4.33 «11.66 + 5.33 214.66. 


Example 21: Apply Lagrange's formula to find f (1.50), using the following values of the 
function f(x): 


1.00 1.20 1.40 1.60 1.80 2.00 


0.2420 0.1942 0.1497 0.1109 0.0790 0.0540 


[B.C.A. (Kanpur) 2002, 2006, 2011] 


Solution: Using the Lagrang's interpolation formula for the given values, we have 
(1.5 21.2) (1.5 - 1.4) (1.5 - 1.6) (1.5 - 1.8) (1.5 - 2.0) 
(11.2) (171.4) (121.6) (121.8) (1- 2) 

(1.5 21) (1.5 21.4) (1.5 – 1.6) (1.5 - 1.8) (1.5 - 2.0) 
(1.2 1) (1.2 1.4) (1.2 - 1.6) (1.2 - 1.8) (1.2 - 2) 
(1.5 - 1) (1.5 21.2) (1.5 - 1.6) (1.5 - 1.8) (1.5 - 2) 
(1.4 - 1) (1.4 21.2) (1.4 2 1.6) (1.4 2 1.8) (1.4 - 2) 
" (1.5 -1) (L.5 21.2) (1.5 2 1.4) (1.5 - 1.8) (1.5 - 2) 
(1.6 - 1) (1.6 21.2) (1.6 - 1.4) (1.6 21.8) (1.6 22) 
(1.5 21) (1.5 21.2) (1.5 2 1.4) (1.5 - 1.6) (1.5 - 2) 
(1.8 —1) (1.8—1.2) (1.8-1.4) (1.8 - 1.6) (1.8 — 2) 
(1.5 21) (1.5 21.2) (1.5 – 1.4) (1.5 - 1.6) (1.5 - 1.8) 
(2-1) (2 -1.2) 2 -1.4) 2 - 1.6) (2 - 1.8) 
_ 0.00001089 _ 0.00014565 " 0.000336825 Р 0.000249525 _ 0.00005925 
~ 0.0384 0.00768 0.00384 0.00384 0.00768 
x 0.0000243 
0.0384 
» 


f (1.50) = x 0.2420 


x 0.1942 


x 0.1497 


x0.1109 


x0.0790 


x0.0540 
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-0.000283593 —0.018964843 + 0.087714843 + 0.064980468 
— 0.0077 14843 + 0.000632812 
=0.12693 


Example 22: The following table gives the normal weights of babies during the first 
twelve months of life: 


Height in lbs f(x): 104 E 15 16 18 
4 


Estimate the weight of the baby at the age of 7 months. 


Solution: Here, ху 20, xj 22, x9 25, x4 = 8, x4 210, x5 =12. By Lagrange's formula for 


interpolation, we have 
10) (7-2) (7-5) (7-8) (7-10) (7 -12) gi 
(0 — 2) (0-5) (0-8) (0 210) (0 -12) 


(7-8) (7-10) (7-12) 41 
(2 —8)(2-10)(2-12) 4 
(7 -8) (7 -10) (7 -12) 
(5 -8)(5 -10) (5 -12) 
(7-0)(7-2)(7-5)(7-10)(7-12) 
(8-0)(8-2)(8-5)(8-10)( 


,5-00-20-50-80-12 1, 
(10-0) (10-2) (10 —5) 10 - 8) (10 - 12) 


0200-2) 0-5)0-9 0-10). a, 
(12 —0)(12—2)(12 —5) (12 —8) (12 —10) 


15 287 5 175 63 21 


128 384 12 16 32 
=0.11718—0.7473 +5 + 14.583 -3.937 + 0.652 
=15.67 lbs. 


Example 23: Apply Lagrange’s formula to find f(5) given that f(1) = 2, f(2)=4, 
f(3) = 8, f(4) =16, f(7) = 128 and explain why the result differs from 277 

Solution: Given, xy =1, xj 22, x9 =3, x3 =4, x4 27 and /(х)-2, Ғ(д)-4, (х9) = 
f (ха) 216, (ха) 2128. 


г. from Lagrange's formula for interpolation, we have 
(5-2)(5-3)(5-4)(5 7) adu (5-1) (5 –3) (5 –4) 


f(5) = ЖИ Ыш а ge 
(1-2) (1-3) (1-4) (1-7) (2-1 (2-3) (2 -4) (2-7) 
06-05 -2) 6-4) 5-7) 6=)6-96-96-7.,, 
(3 -l)@-2)8-4) 3-7) (4-1) (4 - 2) (4 - 3) (4 - 7) 
=) (5-2)(5-3)(5 4) 128 
( 


(7—10)(7—2)(7—3)(7—4) 


Interpolation with Unequal Intervals fio! 


2 32 2 128 128 


ш---- ---- 4 EL = 


3 15 
=—0.66 + 6.4 -2.4 + 42.66 + 8.53 
=57.59 — 24.66 =32.93. 


From the given values of function we observe that the function is of the form 2” Ge. 
f(x) 22* giving f(5) = 2° =32 which differs from the interpolated value 32.93 due to 


the fact that for applying Lagrange’s formula we have assumed the given function to be 
expressible as a polynomial while actually the given function is of the form 2*. 


Example 24: For the following table find the form of the function f(x): 


Solution: Here, xy = 0, xj =1, x2 22, x4 =5 


by Lagrange's formula, we have 
Au (x — x1) (x 7 x9) (x 7 13) (x — x9) (x 7 x9) (x 7 x3) 
Jue caca ca) oe ene) 
(ло) (к-а) = 33) (x — ду) (x — ху) (x 


(хә = хо) (хә — 31) (хә x) * хо) (8 ys 27/6) 


x) 


Substituting the values of xo, Хү, x9, x4 in this, we get 


(2-10 (2—2) (2-5), (x-06-2)69-5.,. 


I= ep (0-2) (0-5) d-0)0-2)(0—5) 
, G9 G-7DG 75), | (x70 (0-0 72) үү» 
(2-0)(2-1)(2 -5) (5 —0)(5-=1) 6-3) 
f(x) 1 3 2 49 
or ss = +  - YH me — 
х(х-Ц(х-2)(х-5) 5x 4(х-1 x-2 20(x-5) 
20:8 + 207 - 20x + 40 
20x (x — I) (x — 2) (x - 5) 
> fios +27 —x 42, 


Example 25: The a“ table is given 


What is the form of the function f(x)? 


f(x) 
x (x-1) (x —2) (х-3) (x -4) 


Solution: Proceeding as in the above example, we get 


> 
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=F GC 
(-)(-2)(-3)(-4) x 1(-)(-2)(-3) (2-1 2.L(-D(-2 (x-2) 
18 1 27 1 
+ ——  — + . 
3.2.01. (х-3) 4.3.21 (453 
1 1 11 3 9 


— + — - — + — 
8x (x-l) 4(х-2) (x-3) 8(x-4) 


х? +2х +3 
x (x —1) (х-2) (х-3) (x -4) 


Р(х) = х? +2х+3 


/ Problem Set , 
From the following table find f(x) in powers of (x – 3): 


23 899 17315 35606 68510 


[B.C.A. (Rohilkhand) 2003] 


Show that Lagrange’s interpolation formula can be evolved by equating (n + l)th 
divided differences of f(x) to zero if f(x) is a polynomial of degree n. 


The mode of a certain frequency curve y = f(x) is very near x =9 and the values of 
the frequency density f(x) for x 28.9, 9.0 and 9.3 are respectively equal to 0.30, 
0.35 and 0.25 calculate the approximate value of the mode. 


The following values of the function f(x) for values of x are given f(I) 24, f(2) 25, 
f (7) 25, f(8) 2 4 find the value of /(6) and also the value of x for which f(x) 18 


maximum or minimum. 
By means of Lagrange's formula, prove that approximately 


1 1[1 1 
Jo -5 01 ey E (з = 91) E [353 521 


By means of Lagrange’s formula, prove that yj = уз -0.3(yg — y 3)* 0.2 
(y_3 = J-5) approximately. 


Four equidistant values и j,:9,14 and m being given a value is interpolated by 


Lagrange's formula. Show that it may be written in the form 


O -1 < x (x? -1) 
Uy = yu + xu, + y= 31 a p 


where x+ y=l. 


Interpolation with Unequal Intervals 


10. 


11. 


12. 


13. 


1105) 


If all terms except ys, of the sequence yj, у, ...., yg be given, show that (Һе value 
of ys is 


56 (y4 + ye) -28(ya + y7) + 8 (yo + ya) - Cu + Jo) 
70 


The values of f(x) are given at a, b and c. Show that the maximum or minimum is 
attained by 
LO - à) + fü) (^ ад) + fOW - 9) 
2 {fla (6-0) + fH) (с — а) + f( (a - D) 


Prove that the Lagrange's formula can be put in the form 
ф(х) fx) 


Be) iTe GD 


Я 
n 

where, ф(х) = П (х-х,). 

= [B.C.A. (Kurukshetra) 2011] 


Values of y, are given for all integral values of x from 0 to n—1. Show that y, is 
capable of being expressed in the form: 


! = 2 S 
x! Jn-1 _ п-1() Jn-2 4 2c, Jn-3 ГУ?" "o id Jo 
(x-n)!(n-1)!| x^n«l х-п+2 x-n+3 х 


Given the following data, find f(x) as a polynomial in powers of (x – 5), by extending 


the table to include argument x =5 repeated as many times as may be necessary: 
РО) =4, f(2) =26, f(3) =58, f(4) 2112, (7) = 466, f(9) 2922 

Also find f (5), f" (5) and f” (5). 

The observed values of a function are respectively 168, 120, 72 and 63 at the four 

positions 3, 7, 9 and 10 of the independent variable. What is the best estimate 


you can give for the value of the function at the position 6 of the independent 


variable? 
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Answers 


f(x) = (х - зу +6(x- зу + 2 (x - 3) - 18 which is the required polynomial in 
powers of (x – 3). 
ЕС? EVE x—-2X9)...(x—^ x4. 
f(x) = cec use ЫГ. flay) +... + лл шаш f(x,) which is 
(хо = хр) .... (х0 — Xn) (Xn = х0)... (Xn — X41) 


Lagrange’s interpolation formula. 


Since f” (х) = - х(-2) which is «0, therefore, f(x) is maximum at the point 


x=4.5. 


х(х^—1) s 


Uy = Jug + хи 4 и1-- Y Аш 


UA ed д 
3! 


t yg) -0.3 (yj + y5) c 0.75 (yo + y4) 
Q7 -Pfa + (c^ а?) fü) + (а - 1) fo 
2 (b — o) fla) + (c-a) f(b) + (a-b) (о) 
ф(х) f(x) 
20 (х-х,) ф (5) 

Р0)-/6,5)-У =98 

f" 6) 221, f(5,5,5) 221, 4* 22 x17 =34 
and f” (5)=3! f(5,5,5,5)=3!.1=6 


OOO 


Unit-2 
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Central Difference 


Interpolation Formulae 


5.1 Introduction 


. T ewton's formulae which have been already discussed are fundamental and are 
LN applicable to nearly all cases of interpolation, but they do not converge as rapidly as 
the central difference formulae. These formulae are based on differences obtained from 
the values of f(x) on either side of the origin. 


The central difference operator (6) is defined by the operator equation 
aep. pi 


[B.C.A. (Meerut) 2004, 2006; B.C.A. (Agra) 2007, 2011; 
B.C.A. (Kanpur) 2010; B.C.A. (Kashi) 2012] 


2 
-(Е/2- қ-/2) Дх) where E=1+ A. 


the first central difference 6 f (x) = f Ё + | =f E - 2) 


Again the first backward or ascending difference V f (x) of f (x) is defined as 
V f()-fG)- fæ -h =- ЕЗ) fix). 
i.e. У-(1-Е!) ог VE =p  g-12 28, Еу) 


Thus from (1) and (2), we have ô = A E! eave. wild) 


The nth power of these operators applied to y, gives 
$" Vy = A” Ep? EN = у" p? Ve 


or ё" х= A" Ух-п/2 = у" Ух+п/2. 
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The average operator u is defined by u => ГЕ? + В] Я 
[B.C.A. (Lucknow) 2003, 2008] 


1 1 
H Yx = 5 Ухал2 + 7-21 and uô” y, = 3 І8"у, 1/9 +8" y, 1/21. 
. 1 ‹ 21/91 | -1/24 
-1( 44) уу 11:46 | уулаа 1418 (4) 
4 du 4 d 4 ` 
: 1 
Again бу,-Ухы/2-Ух-/2 and b Yy 5 (Ys + Jx-12) 


20 y,-8y,-2y,up ог Que8)y,-2H^y, 
2н+ё=2Е!”? ог p^? = +8. E 
The operator inverse (о б is called the central sum operator and is denoted by o (= 57!) .Itis 
defined by 
of=of(x-h + Дх-14) or fee (ee 28) 61-23 


E^? 


Alo = (co-cE) f(x) = Е? f(x) ac EZ 


[B.C.A. (Avadh) 2009] 


Note: ОЕА у= Ау т апа M yy 2M yy 21002) 


Similarly A? yp = AE + ДЕ у ү, А? yo = Ney + A" yg etc. 


© 3 4 3 3 4 
A уг = BY ag SY Ар AT о) ar AN Jug, 


and also AS E = Абу, 4 222: cte 


The appearance of a central difference table is as under: 


Central Difference Interpolation Formulae ho 


5.2 Gauss's Interpolation Formulae 
Or 
Gauss's Central Difference Formulae 


[B.C.A. (Agra) 2008; B.C.A. (Kurukshetra) 2007, 2010, 2012] 
1. The general Newton formula gives 
у= f (x)= f (xo) + (x — xo) f (xo, д) + (x — x9) (х=) f (x9, д, 12) 
(х— x9) (х=) (x - x2) f(x0:11:¥2,x3) 
(x — XQ) (х=) (x 2x9) (x ^33) Р(х, х, X9, X3, X4) 
+(x- xo) (Х-31) (x 732) (x = x3) (x - x4) f (ду, 0,29, X3, X4, 5) 
+ (x —x9) (х=)... (x 7 x5) f (ду, X], X29, X3, X4; X5, tg) +... 


Now putting ду = x9, xj = ду + h, xo = x9 — A, x4 = ду + 2h, 
X4 = X9 —2h, x5 = x9 + ЗЛ, xg = xo – Зл etc., we immediately get 
f(x) = f(xo) + (x 7 xo) f(xo, xo + Л) 


+ (x — x9) (x 7 xo — h) f (xo, xo + In xo — h) 


+ (x — x9) (x 7 xg — Л) (x 7 xo + h) f(xo, xo + h, xo — Л, xo + 2h) 


+ (x — x9) (x — x9 — h) (x — xg + h) (x — x9 + 2h) 
X f(xo, xo + h, xy — A, xo + 2h, xy — 2h) 
+ (x — x9) (x — x9 — h) (x — xo + h) (x — xo — 2h) (x — x9 + 2h) 

X f (xo, xo + h, xo — h, xg + 2h, xo — 2h, xg + 3h) +... 


Further, | letuz2(x -x9)/h => x хә) = hu. 
> Р(х) = f(xo) + hu f(xo, xo + h) + hu (hu — h) f(x —h, xo, xo + h) 


hu (hu — h) (hu + h) f(xo — h, xo, xo + h, xo + 2h) 


+ hu (hu —h) (hu h) (hu-2h) f(x —2h, x9 —h, xo, xo +h, xg + 2h) 
hu (hu — h) (hu + h) (hu — 2h) (hu + 2h) 


x f(x — 2h, xy — h, x9, Xo + A, xo + 2h, xg + ЗЛ) +... XT) 
But, we also know that 
2 
^ А y. 
f (xo; ху + Jt) = 20, f(xo — I, xo, x9 + h) = 7 cr 
f (xo = xo, ду +A, x КҮБІ 
ae ee Jr 
4 
A Jy 
f (xo = 2h, хо — h, xo, x9 + h, xo + 2h) = TA 
ІЛ 
3 
A y-2 
f (xo = 2h, хо — h, ху, x9 + h, xo + 2h, xo + ЗА) = zu et 
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Now, substituting these values in (1), we readily obtain 


2 3 
A Yo A p з A y 
= yo hu + и(и-1 + Л?и(и = 1) (и+1 
у= п 06-13 а а. 
4 
A y. 
eM ur Die) i2) 22 
Р u (u— l1) (u+ l) (u-2) (u 2) A? y. 9/5 Ure 
2 3 
A^ y. A y. 
> у= Jo +uA yo +и(и-1) prag) -1) — 
4 5 
A y. Р А? у. 
+000 —1у(и-2) peu? yg? 2) +, 
> J = Jo * "c, A Jo + uc, AP ya ++I) c, А? уц ++I) c} Абу; tes (2) 


This result is known as Gauss's forward formula for equal intervals. In the central 
difference notation, the formula reduces to 


J 7 Jo * c, 94/2 * "c, 8^ yo + (и+1)с, 85 + (i) c, yo +... 


Ау 1 АЗу_› Аэу з 


70 ннн AT peur AB uentos Абу 477 Central line 


The formula employs odd differences just below the central line and even differences on 
the central line as shown in the figure. It is used to interpolate the values of y for 
и:0 <и «I measured forwardly from the origin. 


2. Саиѕѕ’ѕ Backward Formula: Substituting x = xọ , xj = ду —Л, xo = ду +h, x3 = x9 20, 
X4 = Xo + 2h, x5 = ду — ЭЛ, х6 = xo + 3hetc. in general Newton formula, we get 
у= Jo t (x—x9) f(xo, xo — f) (x 7x9) (x ^ xo +h) f(xo, xo —Л, xo +h) 
+ (x — x9) (x 7 xg + h) (x 2 xo — h) f(x, xo — h, xo + h, xy — 2h) 


+ (x 2 xo) (x 2 xg + h) (x ^ xo - h) (x 2x9 - 2h) x 


f (xo; Xo — Л, xo + h, xy — 2h, xo + 2h) 


+ (x — xo) (x — xo + h) (x 2 xo — h) (x — xo + 2h) (x 2 x9 - 2h) 
X f (xo, x9 — h, xg + A, xy — 2h, xo + 2h, xy —3h) +... 


х= х 
Further, putting и = 7 0 
h 


i.e., x — X9 =uh; we get 
Ju = Yo + hu f (xo — h, x9) + hu (hu + h) f(xo — Л, xo, xo + h) 
+ hu (hu + h) (hu — h) f(xo — 2h, xo — h, xo, xo + Л) 
+ hu (hu + h) (hu — h) (hu + 2h) f (ху — 2h, xg — h, xo, xo + h, xo + 2h) 
+ hu (hu + h) (hu — h) (hu + 2h) (hu — 2h) 
x / (ху = 3h, xy — 2h, xy — h, xo, xo + h, xg + 2h) +... 
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Again we know that 


Ay. А y. 
fo - xo) = ZEL, flay =h x0, 10 +1) = a 
3 
AY уә 
ху — 2h, xo — h, xy, xo + h) = ——_, 
Ж» 0 Q» Xo +A) TE 
4 
A у-2 
f (xo = 2h, xg — h, xo, x9 + h, x9 + 2h) = 7> 
41Л 
5 
A уз 
f(xo 73h, xy - 2h, xo — Л, xo, xo +h, xo + 2h) = ЕГЕ etc. 
E 
p АЗ у 
> Ju = Yo + UAy_y +и(и+ 1) tu up 


4 5 
+u (Ê —1) (u+ 2) de Sut —1)(и” —2°) 8.73 Eu 


4! 51 
- Ju = Jo + "Cj A yy + De, А? ya + MCS А? y 
+ MANO NT yg desde ама Gay hol) eg (1) 


This result is known as Gauss’s Backward Formula. 


Another formula called Gauss Backward Formula for equal intervals may be derived in a 
similar way; we have 


Ayo = Aya + A? y ;А3у pad ya tAt ys and so on. 


Putting these values in (1) and grouping the terms in a slightly different way, we have 
Ju = Jo ауа +1 Cyd” yy + "CA? y 
НО Ауа d qo Тб АРТУЫ САТ ана. 542) 
We observe that this formula employs the odd differences just above the central line through yp 
and even differences on the central line. 


In the central differences notation, this formula reduces to 


(и-1)и (и-1)и(и-1) 
Ju = Jo + ибулуэ + 7 P * —3 — 9J4p 


+ (0+2) (u+ D) u(u—1) 4 
41 9 


The formula contains odd differences above the central line and even differences on the 
central line: 


eM Ay 1--------ATy 5. - -AOy_3------ Central line 


NNNM S 


Ayo АЗу | 1527 
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This formula is used to interpolate the values of y for a negative value of u:-1«u«0. 


Gauss’s forward and backward formulae are not of much practical importance. However, 
these serve as intermediate steps for obtaining some important formulae. 


(i) Gauss Backward Formula. 


In case, we take the differences just above and those lying on the horizontal line through 


х= хә Le. 
Р(х), ^ Р(х), А? F(a), АЗ f(xo) and Ly f(xo) and so on then by Shepard's 
52) Хо Ха x 52) Ха Хү 52) Ха ХА 


rule, we have 
f(x) = / (хә) + (x 2x9) A f(x), + (x 2x9) (х=) ) 42 fa) 
22 


X9 Хз 


&(-35)(—3) (к-аз) A fGg)* G3) (хх) (аз) (к-до) At f (x0) + 


Х| 52) Ха xa 82) Ха X4 
Putting xy 2-2, x} = – 1, x4 = 0, x4 2L x4 =2 and various divided differences in terms of 
ordinary differences, we get 
x (x +1) (x - 1) x(x- 
fo) = f(0) + х=) + SAP a? go a STE 0 goa) 
Р (х-2)(х-1х(х-1 At f(-2) 4... 
4! 
On further simplification, we get 
fG)-jf(0) “GAF (ЕА FETs АСАР Д-р CLA }(—2)+... 2401) 


This is called Gauss backward formula. 


(ii) Third formula due to Gauss. 
This formula starts with y, and runs parallel to the backward formula 
хх) XX х= (хо + kh) _ 


We have u -k. 
h h h 
To obtain the formula, we increase the subscripts of x only in backward formula by one 
unit and change the из by putting k = 1 in the formula u — k = = 
1 
We thus get x-x =hu-h ie. we have to put u – І for u. 
Hence equation (2) reduce 
3 

A? y 
> Ju 9 Jı + (1-1) A yo t u(u-1) ЕТТЕ n 

5 

AU y. 
spt yesh ОО a ed ci ү = ТЭ 


Aliter: 
Taking f(1) as the initial term and proceding as in Gauss backward formula, taking the 
successive differences in the following order: 


Хоз), Af (x2), А2 Доо), АЗ Қа), АЁ foo) 


*3 5354 39 33 Ха Хү Хр 33 24 
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and so on, we get 
f(x) = f(xa) + (x — x3) A f(x) + (x 7 xa) (x — x2) ^2 f(x) 
Ха X3 Хү 
“(х-ө)(х-о)(х-жх) f(xy) 
X9 X3 X4 
*(x-xy)x-x4)(-x4)x-3) А — f(xg)o... ...(2) 
Х| Хә ха X4 


Putting xy --2,Х 2-1 x9 = 0, x4 21 x4 =2 and replacing the various divided differences 
in terms of ordinary differences in (1), we get 
(х=) x (x -2) 


f(a) =f) +) r0) 8227 = 


2* 9? fO) + 
Та О M faye. e) 


A? f(-1) 


On further simplication, we get 
fœ) = fU) + ICAO) = СУА? fO) + CAP fO D+ * 0A /(—2) 24%) 


This is known as third formula due to Gauss. 
In the following difference table the paths of the three Gauss formulae have been shown. 
The designations P, Q, R correspond to [eqn. (2) eqn. (3) eqn. (4)]. Now refer table. 
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5.3 Stirling's Formula 
[B.C.A. (Rohtak) 2012; B.C.A. (Lucknow) 2006, 2008] 
Taking the mean of the Gauss’s formulae, we have 


Ayo + Дур i 
+ Du 


и02-Р) By. t+ ya 
2 21 


2 
A pike | 
Ул 31 2 


Ju-Jotu 


_12 2 _12\(,2_92\ Pyatby- 

„ое P) ay y nue Ê) aÊ 27) Куз J-2 
41 5! 2 

where и-(х-хо)/Й. 


This formula is known as stirling’s formula. It employs the mean of the odd differences 
just above and just below the central line and even differences on the central line. The 


following difference table gives the position of the differences used in the formula: 


The most general formula is as follows: 


амал» 12 0 uo? =P) Ауа ЖА ya a? o? - 1) 
Su = Wo EX LEE JA блар a Тл 


MP ys Su 


ха? =P) GÊ = 2?) p? - a А1 у git E Ty, 


(28-1)! | 2 
In central differences notation, (1) takes the form 
Ju = Jo + up yo ao е ias 15-27 +... aul) 


1 1 
(A Jo +A J-) 7 5 ло * 8 1/2) = Jo, 


1 ‹ 17224 , 
2 (АЗ y + A y 3) ES (53/9 +8? y 1/2) =S? yo «e. 


This formula has means of the odd differences just below and above the central line and 
even differences on this line. 


A Jy] 2 АЗ 7 А? J-3) 6 central 
-»| 1-8 8222 9” 5 Aya. 
A Jo Ay. 1 A^ y.» line 
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5.4 Bessel's Formula 


Bessel's Interpolation Formula: Taking the means of Gauss's forward formula and the 
third formula due to Gauss's we obtain 


1 
2 2 и|и--1(и-1) 
+ 1 и(и-1) (Af y_ + A yo) | 2) 
HA uo 2a, EDE L ya 
4 4 -i|a? -n(-2) 
и(и2 -1(u-2)( yo + At ул) "75/9 "A 
ЕЭ - J-2 +... (1) 


This is Bessel’s formula and can be written in a slightly different form by transforming 
the first two terms to yo + u Ayo [^ Ayo = и = у]. 


Then equation (1) 


1 
2 2 и|и--1(и-1) 
-1 (A yı A у ( | 
и(и-1) (Хулд Jo) 2 АЗ 


= Ји = Jo + uA yo + 2 2 31 Yal 
u (Ê —1) (u-2) (Af уг + A y) 
м S — Te (2) 
Hence the more general form of Bessel's formula is given by 
1 
u (u — 1) (А? y + А2 yo) Bi (% T 1 (4-1) 3 
Ju = Vo + uAyo eg эхин алиа 7-1 
4 4 JAG? уы 
(u+1) и (и—1) (u-2) (Afya АА) [75] 9€ -—1(и-2) 
$f + DM yy 
4! 2 5! 
(над -D (Ê -4)(u-3) (AÓ y_ + дб уо) А 
6! 2 У 
ын (2 1) ae 4)...(u- n) (ut n-1) (А?” Yn + А?” y d) 
(2n)! 2 
u (^ 1) ад 1) (6. 4)... (u-n) (u+ n- 1) 
А 2 д?! y (3) 


(2л +1)! 


Now substituting u = E in (3), we obtain [Bessel’s Formula] 


Jot 49 A? y 4 A. yo Ч 3 | А y + Af y -( 5 = +A° y2 " 


х 3 8 2 128 2 1024 2 


ПЕЕ .@я—0 A" y ue My ua 


(4 
22" (2n) | 2 (4) 


+ ( 
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This is the special case of Bessel’s formula and is called the formula for interpolating to 
halves. It is used for computing the values of the function mid-way between any two 


given values. 
. 1 1. : 1 
Further, putting и – 5 =v or и=Р+ 2 іп (3), we get а more convenient form of Bessel’s 


formula [symmetrical, too] 


| 2 all 2 2) 2 Qn-» 
Р —X]" -xbey 7 2n 2n 
4 4 4 Т АЗу-,ЖАСУ ы 


(2n)! 2 


2 
121 4) uM 
4 4 4 д2"+1 


(2n 4 1)! ыз 


The quantities that occur in Stirling’s formula are shown in the following difference table: 


Now in the central differences notation, (3) takes the form 


1 
u-—|u(u-l) 
и(и-1) <2 | 2) 

эр BS p 31 б 


Ju = Yo + “Š уу + З ууд 


и+ 1) (и-1 (и-2 
тра 00 as гэн 5) 
29 AES, 
E 5 A Ja +A yo) = BE 3,5, A yo + АЗ y) =н! ууз atc 


Above is a very useful formula for practical purposes. It has odd differences below the central line and 
means of even differences on and below this line: 


ПРУ А2 у) кайнай Ду заела Абу 3]. ... central line 


A? yg Aty | Абу, 
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5.5 Laplace-Everett Formula 


The Gauss forward formula is 


Yu = Jo +UA yo +u(u ER aa We 
MP ys Е P 
+и(? -1) (u-2) э. 2 Lu? -1 GP -22) », СЖ (1) 
But, we have A?**! y , = АЛ (ay р) = AP y ры = у) = yi LL AP ул --(2) 


Now, putting the values of odd differences in (1) in terms of even difference by (2), we get 
и” ut 19% ut 9 
Ju = Jo ил = Jo) € Sr ya + 5 (Ag - a? y) 7 ді 


(ut К - 89 pokey, et jen 
QI J-k* ОК ту! 


NED 


2k 2k 
(A^ кА eg t 


[in terms of factorial notation] 


(2) ( 1)9) : ( 1)9) ‹ 
u u+ u+ 
= (1 и) Jo t uy, і — 31 А2 21 F 31 A? yw uus 
(и 1% (иж Es (и+ 209 
ТЕ | 41 шинэ 1 АЗ ул За 
NOT удан) (25-44) 
y t 20 T m ас eo 0! A pte e) 
k)! + + 


"mx 0+1) t- 000 
(u+ Ё-1) Cd MN ene рын (u + k)} 


But шээг - 
(2k)! (2k+1)! Qk +1)! 

“(841-10(и-5-109 — (u-k-D) (us k- NOY 

1 (2k +1)! 1 “08311 


(uk per ЕКСЕ per 


(К+)! | — (2k+D! 
(oe 0150) vo? -90 -4...0 - 0) 


(2К +1)! (2К +1)! 


== [Putting у= 1-и] 


Now, introducing the variable у, the equation (3) yields 
2 2 2 
v (v^ —]) v (v^ —l1)(v^ —4) 

Ju-7Vyo + 31 A y pue e E Sb 

2 y? 2 2 
pE DO 74)... (7 E) „әк 

(2k +1)! 

Pj Ê —I) (Ê 4 

sug T | ) 48: " u(i a ) 5, 


но ро 4) 00 0) эв, үү (A) 
(2k +1)! 
» 
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This formula is extensively used and involves only even differences on and below the 
central line: 


Боол д2 p at My aeter А6 dag: зылуу Ын central line 
2 4 6 
Л A" Yo А y] A y-2 


This is Laplace-Everett's formula in the most common form. This formula is convenient 
especially when using tables in which only even order differences are tabulated. 


Table representing the zigzag paths for various formulae. 


1 А А2 АЗ А4 А5 


Newton 
Backwards 


Newton 
Forwards 


Gauss 1 


Gauss 2 


Stirling 


Bessel 


Everett 


SOLVED EXAMPLES 


Example 1: Prove that 
1 
2 52 р ЕНЕ. 
dil аға (i) 8 уо = y2 -3V1 + 3yo - у, 
[B.C.A. (Rohilkhand) 2005, 2008, 2009, 2011; 
B.C.A. (Meerut) 2002, 2005, 2007, 2010] 
(й) AV=VA=A-V=8° (ір) yy =A" y, (уо). 
[B.C.A. (Rohilkhand) 2010; B.C.A. (Meerut) 2003] 


O 4-5 


< 
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1 
29 
Solution: (i) A= : 8 +8 | + : 
1 
1/2  p-1/22 1/2 к-/2072 
uU E^) +(8/2 — gy 14.0 Е) 
2 4 
х 
(8/2 _ Е-1/22 кісенін Е + (ЕІ? — Е-1/22 Ї 
2 4 
-1 -1 
DELE 1.20.64 
(ii) 834 -(AE 125 у, (ә 8-АЕ 12] 
=A ЕЗ”? Е уу = АЕТ! уу-(Е-1Р E^ yg [^ А-Е-Ц 


=(E -3E +3E-1) Ely =(E -3E +3 - E!) yọ = y -3 +3 yo - J- 
(ін) A V = (8Е1/2) (6Е71/2) 282, VA =(8E7!/2) (8g?) -62, 
and A- V -8E 7 - ag 12 =8 (E! — g12) =8.8 - 82. 
АУ-УА-А-У-ӛ? 


(iv) 67 у, = (AE Vy" у, = (А"Е-"/2) ух = АЛ (Е-"? у) = АЛУ, (4/92) | 


Example 2: Use Gauss’s forward formula to find the value of y when y =3.75 from the 
following table: 


2.5 3.0 3.5 4.0 4.5 5.0 


24145 22.043 20.225 18.644 17.262 16.047 


[B.C.A. (Avadh) 2002, 2004; B.C.A. (Kashi) 2008, 2011] 


Solution: Taking 3.5 as the origin and 0.5 as the unit, the value of y required will be 


value for u = а =0.5. 
0.5 


Difference table is: 
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Again Gauss’s forward formula is 
и(и-1) (и+ 1) и(и-1) 3 
ИЕ cd 
1 (u+ l) u(u—1) (u—2) Ай уз М (u+ 2) (и +1) (u-1) u (u — 2) » 
24 Е 120 


(.5) 05-0 
2 


А2 J-1 + 


Ju = Jo + "Ayo + 
7-2. 


у =20.225 +.5 (-L581) + (.237) 


5+)(5)(5=) , 


+í hogge OONA Maa 0 


6 24 
LC E265 +1) 65) (5 =) 05-2) 
120 
= 20.225 -0.7905 -0.029625 + .00238 + 0.00210938 – 0.000352 


(.009) 


х(-.003) 


-19.40 approx. 
Thus value of y for x 23.75 is 19.40 approximately. 
Example 3: Use Gauss's forward formula to find узо given that 


yo, 218.4708; yə5 217.8144; yoo = 17.1070; узз 216.3432; узу -15.5154. 
[B.C.A. (Meerut) 2004, 2006; B.B.A. (Meerut) 2007; B.C.A. (Purvanchal) 2005, 2009] 


Solution: Arrange the above data in the following form: 


21 25 29 33 37 


18.4708 17.8144 17.1070 16.3432 15.5154 


0-29 


Take the origin at x = 29 andh = 4 as the unit; then the value of y for u = =0.25 is 


to be found. Construct the following difference table: 


17.8144 


17.1070 -0.0564 - 0.0022 
-0.7638 

16.3432 -0.640 
-0.8278 


15.5154 
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Now applying the Gauss forward interpolation formula, we get 
70.25 =17.1070 + (0.25) (0.7638) + eee) (- 0.0564) 
" (1.25) (0.25) (- 0.75) (- 0.0076) + (1.25) (0.25) (- 0.75) (- 1.75) (- 0.0022) 


6 24 
=17.1070 —.19095 + .0052875 + .00002968 - .00000375 216.9216 approx. 
Example 4: Given that 
J 02500) = 111.803399; У 02510) =111.848111; 
J 02520) -111.892806; У 02530) =111.937483. 
Show by Gauss’s backward formula that 4 (125 16) =111.874930. 


Solution: Taking 12520 as the origin апал = 10 as the unit, the value of y required is for 


12516 -12520 
u = ———_———_=- 0.4. 


0.044712 


— 0.000017 
0.044695 — 0.000001 
111.892806 — 0.000018 
0.044677 


111.937483 


Now by Gauss’s backward formula, we have 
Vu = o + “С\ЛУ_| + шиг 7322) + нь yaa +... 
J-0.4 =111.8928 + (- 0.4) (0.044695) 
" (0.6) (-0.4) (0.6) (-0.4) (1.4) 


(- 0.000018) + 


21 31 (- 0.000008) 


=111.8928 — 0.017878 + negligible quantities -111.874930. 
i.e. / 02516) 2111.874930. 


Example 5: Find by Gauss's backward formula the sales by a concern for the year 1936, 


given: 


1901 1911 1921 1931 1941 1951 


Sale (in thousands) 12 15 20 27 39 52 


[B.C.A. (Meerut) 2003, 2006] 


Solution: Taking 1931 as the origin and // 210 years as the unit, then sale of the concern 
1936 -1931 _ 5 
10 ын 


is to be found for u = 
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The difference table is as under: 


Again Gauss backward formula is 


Ju = Yo + “C Ay] + uA gr + HO AT уа + 


or Ju = Jo + UAy_y + i T : ^ ya ü шин шин ^a 
2) (и+ 1) u(u-1 
+ regn Абу, Кыш 
T Jp 227 40,5 x74 2309) ys p 0305705), 
pea к дор з т 
Ji 120 


=27+3.5 +1.875 -0.1875 + 0.2734 -0.11718 
—32.6484 – 0.30468 = 32.3437 thousand. 


Example 6: Use Stirling’s formula to find yog, given 
J20 = 49225, J25 = 48316, J30 = 47236, J35 = 45926, J40 = 44306. 


[B.C.A. (Bhopal) 2002, 2005, 2012; B.C.A. (Avadh) 2004, 2005, 2008] 


Solution: Taking x =30 as the origin and Л = 5 as the unit, we have to find the value of y 


28-30 - 


for u = -0.4. 


< 
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Construct the following difference table: 


The Stirling’s formula is 


A Ayo + Ay-1 : i? 42 Ды) и(и^ —1) АЗ y ic Ауэ Ш) ^4 
jos i—————— + — “о тэл үүл алысы а 5. 
Ju = Jo 2 2 J-1 6 2 24 21559 
Putting u = — 0.4 and the values of various differences from the table, we get 
-1310-1080 (0.16 
J-0.4 =47236 + (- 0.4) жин ил + 8-9 (-230) 
—0.4) (0.16 - 1) (-80-5 0.16) (0.16 - 1 
„C04 016-1 (80-59) | 0.16 0.16-D y 
6 2 24 


=47236 + 478 -18.4 - 3.8920 + .1176 = 47692 i.e. yog - 47692. 


Example 7: Apply Bessel’s formula to obtain уә5, given 


J20 = 2854, J24 = 3162, Jg = 3544, J32 = 3992. 
[B.C.A. (Agra) 2006, 2008] 


Solution: Take 24 as the origin and 4 as the unit. We have to find у, for value of 


25-24 
23) or 0.25. 
4 4 


и= 
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Bessel’s formula is 


ж=у бо+ л) + (9-5) + 


І 
2 2 и--|и(и-1 
и(и-1)| Хулд + ^ Jo 4 z) ( 3 
2! 2 3! 


НІНЕ 22112 
277 -16816243540 + (4-2) 302+ 78289), 4 12455 og 


2! 2 
= 3353 -95.5 —6.5625 – 0.0625 =3250.875. 
Example 8: Given yoo = 24, Уәд = 32, Уә = 35, узо = 40, find уә; by Bessel’s 
formula. [B.C.A. (Kanpur) 2008] 
3224..] 


2! 


Solution: lake origin at x = 24 and 4 as the unit, we have to find y, for u = 


The difference table is as under: 


The Bessel’s formula is 


1 
2 2 m = 
Jot Ia, ЖЕ! ” NIC A y 4A » l ЗШ D в 
Уилл 2 Jo 2 ку пин M J-1 


Р : : | 1 
Putting the values of various differences so obtained and u = 4 we get 


111 51 I -1ү1(1 _1 
_32+34 | 1 114,4 -5+2\ 4 2)4\4 (7) 
ae 4 2 2-02 6 

=33.5 -0.75 + 0.1406 + 0.054687 = 32.945287. 
Example 9: Apply Everett’s formula to obtain Уст, given 

J20 = 2854, J24 = 3162, J28 = 3544, J32 = 3992. 
Solution: Take x=24 as the origin and h=4 as the unit, we have to find y, for 


25 -24 
- күле 0.25. 
4 4 


и 


< 


Central Difference Interpolation Formulae ТЭЭ 


The difference table is as under: 


Уи = иу pou. AP p а йы Хүж, 


А? у у +... where р= 1-и 


HEI syd 
-1 (8544) 4 М6 7 x66 +2 (9162)  3M6 2 x74 
4 6 4 6 
—886 — 2.5781 + 2371.5 — 4.0469 =3250.875. 


Example 10: From the following table, find the value of log 337.5 by Gauss, Stirling, 
(ШЕГЕ and Everett ши 


| 510320 зо 30 350 360 | 


= Se E ONE 88 2.5051500 2.5185139 2.5314789 2.5440680 2.5563025 


Solution: Taking 330 as the origin and 10 as the unit, the value of log; 337.5 required 
will be for жин -.75. 


The difference table is as under: 


.0137883 
2.5051500 .0004244 

.0133639 .0000255 
2.5185139 .0003989 


.0129650 .0000230 
2.5314789 .0003759 


.0125891 .0000213 
2.5440680 -.0003546 
.0122345 


2.5563025 
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(i) Gauss's forward formula is 


Yu = уу + “С, Ayo + “СуА yc + М уы + СДА уа ES dc um T 


3 1 
3 2x) 
J 75 -2.5185139 + 7 (.0129650) + —.— (-.0003989) 
134 
4404 
6 


ig 


) | 
(.0000230) + 4 (-.0000025) 
usps 
42.28 4X 4/X 1/ 0000008) -2.52827374. 
120 
(1) Gauss's backward formula is 


Ju = Jo + “САЛУЛ + шиг + PH AP Ул 4 ee ya +... 
7 
=2.5185139 + : (00133639) + 44 (.0003989) 


2 
2 | 1141 
АА (.0000255) + +4 5A Ал (0000025) -2.52827375. 


(11) Stirling’s formula is y, = yo +u. - [Ayo + Ay. a] + = А? yj 


Шы) 


a J-2 SE eds 


Bl 


=2.5185139 + 2. [.0129650 + .0133639] + 


i1) sz 
+ 3418 — ~ [,0000230 + 000255] « 16 16 


(.0003989) 


7) (.0000025) =2.52827374. 


(iv) Bassel’s formula is y, =Z Uo ЛЕ («-+) Ayo 


СЗ 
+ ши! [A y | +A yo]+ : АЗ 


(2)! 2 31 7-1 
Du(u-D(u-2)1 
+ erre ун at y, + А* y 5] 


(^ - 1) (u+ 1) u(u—1) (u—2) 


5 
T 51 A ў_9 t... 
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= [0.5185139 - 2. 5314789] + + (.0129650) 


2 
юэ! 212% 
3 5 2 5 [- 0003989 -.0003759) + DÁM (.0000230) 
ЕЕ 
„2 4X 4Д 4/ 1L 0000017 –.0000025] 
24 2 


+ (=) (2) B (- 1 (- >| (0000008) = 2 52827374. 


(v) Everett's formula is 


we -1) 2 | и(2-1) (2 - гар, 


Ju = UJ Bt Jo 51 J-i + 
2 V 2 
+ vy pe is = M +... where v 21- u 
(8)! 51 
zz | 
-10. 5314789) 4 4415 J (-.0003759) 
TEE 
442M6 76 — /(. 9000017) + — (2.5185139) 
120 4 


TEMERE, 
+46 _/ _ 9003989) + $ M6 7X6 — / (0999995) 
6 120 


-2.52827374. 


Thus we see that the value of log 337.5 calculated from different formula is nearly the 
same. 


Example 11: Given: 


E 0? ә? 10° Тэ? 25° 30° 


| tame | 0.0000 0.0875 0.1763 0.2679 0.3640 0.4663 0.5774 


Show that tan 16? = 0.2867 (use Stirling's formula). 


Solution: laking15?as the origin and 5? as the unit, the value (of tan 16?) required will 


169-1529 
Һеіоги-------.29. 


59 
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The difference table is as under: 


0.1763 


0.2679 


0.5774 


Stirling's formula is 


; и(2 –1 
J= «Ша + TELE а 2443 Jat A y 3] 
V 02 =1) 4 ир o 15 5 
PUR МЕЕ АБЕ J-2 +A уз] 
GEIGER 
(6) ! е 


Now putting the necessary values from the difference table, we have 


tan16°= уо 20.2679 EI 0961 4 .0916] e 0045) 


DUE © C0017 + 0017) + 


, 204-1) (04-41, 0000340009] .2 (.04 –1) (.04 - 4) 
120 2 720 


=.2679 + .01877 + .00009 + negligible quantities 20.2867. 


ПЕСО) ous 
24 


(.0011) 
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(127 
Example 12: If third differences are constant, prove that 
1 1 2 2 
Jia (Ух + Jxai)- 16 (Ауур + A yx). 
Solution: Bessel's formula is 
2 2 x- 1 х(х-1) 
+ E х(х-1) Ар * A yo 2 3 
Ух TE Ё 1) Ayo + 91 хаялан c "- oc Yije 51) 
Formula is taken upto third differences since third differences are constant. 
Putting х => in (1), we get 
yo + 1 
ло = 2 Л “16 (A? у > A” yo) (2) 


Now shift the origin to x; thus (2) reduces to 


1 1 
Ух-1/2 = 2 (Vx + Jx41) x 16 (А? Pryl + А? yy). 


Example 13: Given yg, ур, Yo. Уз, Уа» Vs (Fifth differences constant). Prove that 


1 25 (c - b) +3 (a-c) 
Jey == + — TF 
(25) 2 256 
2 
where а= yo + y5; b = yy + aic = yo + уз. 


[B.C.A. (Kanpur) 2001, 2004, 2006; B.C.A. (Kurukshetra) 2010] 


Solution: Putting x = E in the Bessel's formula, we get 


i (yay) 3 (Ayn + dt yy 
IDOL _— vl) 


1 
лэ=уОо + л)-$ 2 198 2 


2 


We have written the formula upto fifth differences, since it is given that fifth differences 


are constant. 


Now shift the origin to 2, so (1) reduces to 


Lu» 2 344 4 
=—( yp —— (А А ---(А А „..(2 
T (Yo + 3) TA лж 7473-4523 Jo + A X) (2) 
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Now consider the following difference table: 


Јо -2J + Jo 


J3 -32 +31 - Jo 


y3 -2J + J J4 743 +62 - 49i – Yo 


Ја -3 уз +392 -J 


JA-2y3 + у Js —4у4 + буз -4у›— 


J5 -374 +393 — J2 


25 -2J94 + Ja 


Now putting the values of various differences from the table in (2), we get 


=L +93) -+ 2*3) 
24) 2 J2 + V3 16 J4 УЗ -J2* JM 
2 
3 
+ 556 Ub -3y4 +23 +2 y -3 y + yo) 
Ж 3 
: =—с——(} + —— 3b+2 
m ^2) 55 16" 92569 0) 
2 
р ВЕ ао е-и 
2277256 | i 
-l+ wa +25 (c —b)] 
2 256 ! 


Example 14: Employ Stirling’s formula to compute ууу» from the following table 


(y, =1+ log jg sinx): 


10 11 12 13 14 
23,967 26,060 31,788 35,209 38,368 
< 


Central Difference Interpolation Formulae Roa 


Solution: Taking the origin at x =12,h=landu= хэн , we have the following central 


table: 


— 0.00045 


Atx =12.2,u=0.2. [~ ulies between — тала - , the use of Stirling's formula is suitable. | 


Now Stirling’s formula is given by 


и AyitAyo 12 


Е и W 0 
Ju- Jot. 2 ve Jut 31 2 
i (aÊ d) 4 
21 Ау 9 


When и-0.2,хуе readily get 


0.03728 + 0.03421) (0.2) 
m emm. 2) (- 0.00307) 


277 -0.з178в+о.2[ : 


, (0-2 10 2)2 —1] Ё 00058 - 0 шин 
6 2 


2 2 
“(0.27 (0.27 -1 


(-0.00013) 
24 


-0.31788-0.00715-0.00006-0.000002 + 0.0000002 
-0.32497. 
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Dolton sobs 


1. Use Gauss's interpolation formula to find уду with the help of following data: 


J30 =3678.2 Š J35 =2995 ЯВ .У40 = 2400 .1; J45 =1876.2 5 J50 -1416.3. 
ІВ.С.А. (Lucknow) 2004, 2011; (Meerut) 2008] 


2. Apply a central difference formula to obtain узд, given that уә5 -0.2707; 
20 = 0.3027; уҙе 20.3386; удо 20.3794. 


3. Given yo =10; yj =8; Yo 25; ру =10; find ууу by Gauss's forward formula table. 


Find the value of e~* when x = 1.7489 by Gauss, Strilling, Bessel and Everett formulae. 


.179066 


.177284 
.175520 
.173774 
.172045 
.170333 
.168638 


[B.C.A. (Agra) 2003] 


4. The mean atmospheric refraction R for a start at various altitudes h° above the 
horizon is given in the table below. Using Bessel's formula for interpolation to halves, 
find the refraction for a star at an altitude of 27? above the horizon: 


|^ E 24? 26? 28? 30? 32? 


223.37 210.2” 158.9” 149.2” 140.6” 133.0” 


5. Prove that if third differences are assumed to be constant 


шал 12 yy + yp + OD ә 


Jx = у + Ау 

where u-l-x. 

Apply this formula to find the value of уә; and уу given that yọ = 3010, у5= 2710, 
ло 22285, yj 5 21860, уә 21560, y55 21510 and узу 21885. 

[Hint: This formula can be easily proved with the help of Everett's formula]. 


6. Use Stirling's formula to find f(35) given 
f (20) 2512, f (80) 2439, f(40) 2346 and f(53) =243 
[B.C.A. (Rohilkhand) 2003, 2007] 


Central Difference Interpolation Formulae ТЗЇ 


7. Use Stirling’s formula to find /(1.22) from the following data: 


1.0 11 1.2 1.3 1.4 
0.84147 0.89121 0.93204 0.96356 0.98545 


L5 16 L7 1.8 
0.99749 0.99957 0.97385 0.97385 


8. From the following table find the value of f(.5437) Бу Gauss, Stirling, Bessel and 


Everett formula: [B.C.A. (Indore) 2012] 


29244 
.537895 
.546464 
.554939 
.563323 
.571616 


.579816 


9. (i) Prove that: (а) 6= AE? =y El? 
[B.C.A. (Meerut) 2006] 


[B.C.A. (Meerut) 2005] 


i 2 
(d) л=282 48 fi 
2 4 


(е) V0+8u2)=1+ ig 
2 [B.C.A. (Lucknow) 2006, 2010] 


(ii) Establish the following relations: 
(а) АУ-УА-А-У-ӛ? 


1 1:22-1-4 
b 6=—(V+A)=—AE --А 
(b) Was (V+ Aer АЕ +1 
(с) A+VeEA/V-V/A. [B.C.A. (Meerut) 2003; B.C.A. (Avadh) 2007] 


> 
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10. Prove that (i) 8 уу =y-2yt+ JY. 


Gi) 85 y = 99 73i +30 - 7-1, and in general 
no _ ЕСТ: n! 
б Ат, (-1) Fiqh 2k 
ІНіпе ё" = E "2(E-])" л 8"y, = E"? (E-1)" y, -(E-1)" y, 45 еіс] 


11. Define the operator E, A, u and ô used in the calculus of finite differences and prove 


the following relations: 
i " 1 " 1 
O By =A" Yén (4) руу = бу, (8) BY? yy =e + уу. 


12. If D, E,6 and и be the operators with usual meanings and if h D =U, where Л is the 


interval of differencing prove the following relations between the operator. 
(i) Е-” 

(ii) 6=2sinh(U/2) 

(iii) u =cosh(U /2) 

(iv) eU =1-V 

(v) (Е-46-2(Е-Ды 


(vi) S[ f(x) gG)] =u f()8 g(x) +u g(x) fa) 


A WSAULEAS/ 
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Chapter-6: Numerical Differentiation 


Chapter-7: Numerical Integration 


Unit-5 
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Numerical Differentiation 


6.1 Introduction 


umerical differentiation is the process by which we can find the derivative or 

derivatives of a function at some values of the independent variable when we are 
given a set of values of that function. The problem of differentiation is solved by first 
approximating the function by an interpolation formula and then differentiating this 
formula as many times as desired. In case the values of the argument are equally spaced, we 
represent the function by Newton-Gregory formula. If we desire to find the derivative of 
the function at a point near the beginning (end) of a set of tabular values, we use 
Newton-Gregory forward (backward) formula. To find the derivative at a point near the 
middle of the table, we should use a central difference formula. In case the values of the 
argument are unequally spaced, we should use Newton’s divided difference formula to 
represent the function. 


SOLVED EXAMPLES 


Example 1: Find the first and second derivatives of the function tabulated below at the 


point x = 3.0: [B.C.A. (Lucknow) 2001, 2005; B.C.A. (Avadh) 2010; 
B.C.A. (Bhopal) 2006, 2010; B.C.A. (Kashi) 2012] 
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Solution: Since the derivatives are required at x 23 which is near the beginning of the 
table, so we use Newton-Gregory formula i.e. 
flat xh) = f (a) + Срд (a) + ~ f(a)+ Юн d 
(x? -3x2 +2 x) 
6 


Differentiating w.r.t. x twice and then putting x =0 in the equations obtained, we get 


УГ (a) = fa) - 42 fla) + + АЗ fla) 


= f(a) + x^ f(a) + А? f(a) + A? f(a) 


I? f" (a) = A? f(a) — АЗ f(a). Here a=3,h=0.2. 
0.2,f" 8) =3.968 ~ 5 (.768) + = (.048) -3.6. л Р) -18. 
Again | (0.2 /”(3)-.768-.048-.72 
2 
Fole à y and — at x 23 are 18. 


Note: The function which is tabulated above is 


yer —-9x -14 


d 
O tti ES t 
n pu 115 26 we ge (2 


These values are the same as obtained by numerical differentiation. 


Example 2: Find the first, second and third derivatives of the function tabulated below, 
at the EE х =1.5. 


| 2.0 2.5 3.0 3.5 4.0 


3.375 7.000 13.625 24.000 38.875 59.000 


[B.C.A. (Avadh) 2003] 


Solution: Since required derivatives are at a point near the beginning of the table, 
therefore we shall use Newton-Gregory forward formula. The difference table is as follows: 


БЕРЕР ee eee чє сн 


N . Гэ: . . 
Numerical Differentiation 
| (157 


Newton-Gregory formula is 


flat xh) = f(a) + "САР (a) + “С, A? f(a) + X Cc A? f(a) upto 3rd differences 


х^ =A 


2 


(x? -33? + 2x) А 


А? f(a) + : 


= f(a) + xA f(a) + 


f(a) 


Differentiating w.r.t. x thrice and then putting x =0 in the equations obtained, we get 


5 A fla) + ze fi) 


I? f" (a) = A? f (a) — A f(a), I? f" (а) = А f (а). [a 21.5, h —.5] 


hf" (a) =A f (a) – 


TP P m 1 Е 
Р15)= [3-625 2 (3.000) += (750) 4.750 


f’ (1.5) = - [3.000 -.750| 29.000. f” (1.5) = = [.750] = 6.000. 


Note: The function which is tabulated above is у= х 063 


Clearly (dy/dx) 5 =(3x* -2) at 15 24.750 


(d? у/42) 5 =[6x] at 1.5 29.000. — (d?y/4x?)| 5 26.000. 


These values are exactly the same as obtained by numerical differentiation. 


Example 3: Find the first and second derivatives of the function tabulated below at the 
point x = 1.1: 


1.0 0 


1.1360 


[B.C.A. (Agra) 2012] 
P 
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Solution: Newton’s-Gregory formula is 


flat xh) = f(a) + “СүА (а) + *C5 A? f(a) + ХСұАЗ f(a)... 


= f(a) + x A fla) +7——“ А? fa) + pus 0 АЗ Қа). 220) 

Differentiating (1) w.r.t. x twice, we get 
hf’ (a+ xh) = Af (a) + шон. А? f (a) + prone АЗ f(a) +... 242) 
апа I? f" (a + xh) = A? f(a) + (x —1) АЗ f(a) +... 23) 


Putting a =1, h =.2,x = > and the values of all differences in (2) and (3), we have 


1 


(2.5-1] (52-6242) 
(2) / (1.1) 20.1280 + ——— (.2880) + — (.0480) +0 


=.1280 +0 -.002 +0 or / (1.1 2.630 


and (.2? f" (1.1 =.2880 + (s 5 | (0480) + 0 =.2880 –.024 =.264 ог f"(1.1) 26.60. 


Note: The function, which is tabulated above, is 


d 
yer —3х +2, E Tae -3 and 


Hence the actual values of derivatives are .630 and 6.60 respectively, which are same as 
obtained by Numerical differentiation. 


‚2 <3 E 
1.22140 1.34986 1.49182 


Solution: Since x =.4 lies near the end of the table therefore in this case we shall use 


Newton's Backward formula. The difference table is as below: 


1.10517 


1.22140 .01223 
.00127 


1.34986 .01350 


1.49182 


Numerical Differentiation f 
Numerica erentiatio Fc 


х2 + 
2! 


Newton’s Backward formula is f(a+ nh + xh) = f(a+ nh) + xVf(a * nh) + 5 y2 Jf (a nh) 


х3 +3х° 424 
1 ———————— 


31 V? f(a+ nh) 444) 


Here f(a+ nh) is the last term and л is the differencing interval. 


Differentiating (1) w.r.t. x, we get 


3x7 +6x+2 


6 V? f (a+ nli). «(2 


2x+l s 
hf’ (a+ nh + xh) = Vf (a + nh)+ —— v? f (a+ nh) + 


On putting x =0,a + лл = .4, л = Тіп (2), we have 


(.1) f ([.4) 2.14196 + - (.01350) 4 - (00127) = f’(.4) 21.4913 


6.2 Direct Methods (using formula) 


1. Derivatives using forward difference formula 


By Newton’s forward interpolation formula, we have 


(и-1) 


-1(и-2 
y= Jp +uAyy + = ne 


3 
21 31 А Ж +... 
where the function y = f(x) is tabulated for x; (= x9 + ih),i=0,1,2,...0 


Differentiating both sides w.r.t. u, we have 


3i? -6u+2 3 
т^: 


E liic x + 
> у 444 
2 Jo 2 Jo 31 Ж 
Виї x = ду + uh БА QUE LT 
h dx h 
dy dy du 1 2и-1 9 — 3i? -6u*2 з 
N = |А + Д pA 
TE d du de | Jona, 20 31 0 
Aw -1&? +22u-6 
FOSSE Ээ га | (1) 
4! 
When x2X9,u-0. 
dy I Ї 2 І з 1,4 1 5 1 6 | 
— = = – | Ауу ->A + – А = – А + – А = = А +i} (2 
(2). + | zA Ал АЕ эд (2) 


Further differentiating (1) w.r.t. x, we get 


Pres ai 


d duldu)dx h 


E 278 = ха 1242 n Л” «i 


» 
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Putting u = 0, we obtain 


d? y 1 11 5 137 
ЕЗ - [s - A! yo ry A A -z Аро + ia ^ AÓ yo e (3) 


у I | з. 29 4 | 
and similarly | —;- =-= |^” y ->A +... (4 
444) па ЖЮ 2 Jo (4) 


Aliter: We know that + A = E =e"? 


-> Шешей Wed ДАТЫ АЗ =) дё... 
2 3 4 
э Dei|a-z4 ela Р | 
1 


--т|А2-АЗ "E эь | and D? zb 272 | 
h 12 h 
БЕС! 1 Le. ologo Та. lose Ig | 
Th D ‚е. |= =-|A yy -—A += А --A --А --А Ете 
еп (2), 1 Jo 2 Jo 3 Jo 4 Jo 5 Jo б Jo 
1 11 2 137 
D?yy2D(Dyg)-| —. | =| 42 yg - 3 m+ at А? ууф Аб дуг А 
Jo = (Dw) = [5 | z| Jo -A Jo +z A Jo cA Jo tigos д 
х0 
d? у 1 | 3 3 à | 
and —- = |^ --А +... 
e | Г Jo 2 Jo 
50 
These аге the same as obtained above. 
2. Derivatives using backward difference formula 
u(u+ l) u (u+ l) (u+ 2) 
Y= In + uy, 21 y SER > 
Then differentiating both sides w.r.t. u, we get 
d 2u+1_9 Зи + би+ 2 3 
o = Wy + 21 V^ yy + ян 1 Jn tee 
But (ot ЦЭВ! 
Л ах h 
3 
dy dy du 1 2и+1 9 Зи + би+ 2 
N E + V + — V Tue]. 5 
ow i du de h Yn 21 Jn 31 Jn (5) 


Numerical Differentiation am 


But at x =x, u 20. Hence keeping u = 0, we get 


dy 1 2 3 4 5 l 56 
(2) 10853 = yat гү Уһ + n Int zy Jn + 67 In + (6) 


ах), 
4 би+ 6 бид +18и+11 
апа £s 25188 M у? алада In + p OU СЭР ЭР 
dx ди (ах) ах h 3! 12 
Then putting u =0, we get 
d 1 5 137 
Eal ~ |, + ү? Jn * V4 y, + = У Int 180 — ve Int «| (7) 
on the same lines, we get 
d? 1 
Eal E [vo T vi In + | (8) 

Aliter.]- V = E! = е. Taking log оп both sides 
=> -hD = log (1— V)=-[V+} V+ +153 ту! + ] 
> Dat ҮҮ Var v+] 

h 2 3 4 
> е1 1] 

h 2 3 

=a | + V? Hyt +. > D? |" poy e 
Ir 12 h 2 
: 4 1 ІШЕ; 1 1 1 1 
Then Dy, ie. FJ - 1» PoV er үзу, ЫГ Vi Int V? y. += н.) 
42 1 5 137 

> fal =т [n+ Pye V yyez Int a Int s| 


Xn 


3 
and (= = [os сұғу; + | 


Ху 
There are again the same ав (6), (7) and (8). 
3. Derivatives using central difference formulae 


By Stirling’s formula, we have 


Lid А» +Ау 
Su = Vo T 2 


VUE 
+e 
цан B) 8 -— А 
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dy (AJo ЗАУАЛ 2u ә 3i (ya y») 44-2и 
| |+ Ар + | + — 
du 2 21 31 2 41 
But май, E 
h dx h 
dy d Ayo + Ay. 
— ау dy du 1 Sot tuc yj 
dx du dx h 2 


+ 


6 2 12 


But at x =19,u=0. Hence putting u =0, we have 
(2) _1 
dx " h 


d? у Dr ә БА ИЙГ” 
and similarly | —=—}] == |А —— А + — А° —... 
(s | 12 | J-1 12 J'-2 9 J23 | 


——————— + 
2 6 2 30 2 


Example 5: Given that 


1.0 Jl 1.2 1.3 1.4 1.5 


7.989 8.403 8.781 9.129 9.451 9.750 


2 
find T and —- at (i) x-11 (ii) x 21.6 


з -1 | J 20 —u 4 | 
X|—————|* А?у 9 t... 


Ayo +Ау ү 1 АЗ у ES Ks 1 A? у_› +A y3 А 


A y 5 Жа 


1.6 
10.031 


[B.C.A. (Purvanchal) 2007, 2010; В.С.А. (Rohtak) 2005, 2006, 2010, 20111 


Solution: (i) The difference table is as under: 


Numerical Differentiation j 
Numerica erentiatio ЯЛ 


By the standard formula, we have 


dy 1 1 2 1 3 1 4 1 5 1 6 | 
-- =- | Луу – = А + = А --A + = А --А за all 
| 1, h | yo 2 Jo 3 Jo 1 Jo 5 Jo 6 Jo ( ) 


dx 
d? y Ins 5 lla. 545 37 
4 | А Арт A = А С y= (2 
ап 5 -z| 20-47) Jo Jo + (др ^ Jo «| (2) 
х0 
Неге 1 20.1, х) =1.1, Ayọ 20.378, A” yg = – 0.03 etc. 


Then putting these values in (1) апа (2), we a 


2) = озлв-2 Шоо аа 
(2) -1[озтв gU 0.03) + 50. 004) 20 ) + a 0.001) a 0.003) -3 946 


2 
213 T |- 0.03 - (0. 004) + (0 )-2(- 0. 001) « (- 0. ооз) |--3.545. 


y 


(ii) Using the above difference table and the backward difference operator V instead of A; 


we get 
d 1 = 1 1 1 1 
(2), = Е + ы V +2 VA y, в V? р, 152 V9 y, + sd 3) 
d? y 1 11 5 137 
and (| - | 12 [Vs v? Jn 517 Vy, us V? уул 180 I y Ynt | (4) 
n 
Here h 20.1, x, 21.6, Vy, 20.281, V? y, = 0.018 etc. 


Then putting these values in o and (4), we 54 


(2) =. 210 2814+ 2 0.018) +50. 005) 
«ЛД. 04 


+ - (—0.001])+ 5 (70.001) + > (-0.003)|=2.727 


2 
d 2| = 1 z|- 0.018+0.005 +} (-0.001) 
dx L6 12 


-2 (-0.00) D 0.003) |=-1.703. 
6 180 


6.3 Maxima and Minima of a Tabulated Function 
[B.C.A. (Kanpur) 2007, 2009] 


Newton’s forward interpolation formula yields: 


и(и-1) Dy u (u — l) (u — 2) 


3 
Then differentiating it w.r.t. u, we have 
d 2u-1 3i —-би+2 
"E А yy + А? +... itl) 
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But for maxima, or minima, dy / du 20. 


2и-1 Ê бид 
Ayo + и АЗУ) + MILI A? yo =0 [retaining up to 3rd diff.] 
1 ‹ | 1 
= G АЗ yo) № + (A? yo =A? y) u + (Ayo =, А2 vo + 3 A? yo) -0. 


Then putting the values of Ayo, А2 ӘЛІ АЗ Jo from the difference table, 
we can solve this quadratic in и. The corresponding values of x аге given by x = xo + uh. 


Example 6: From the table given below, for what values of x; y is minimum? Also find this 
value of у. 


4 5 6 7 8 


0.240 0.259 0.262 0.250 0.224 


Assuming xo = 3, we get 


Jo 20.205, Ayo 20.035, A? yy = -0.016 and A? yp =0. 


Then using Newton's forward difference formula, we get 


u (u —1) 
2 


y 20.205 + u (0.035) + (-0.016) 241) 


Differentiating it w.r.t. u, we have 


d 2u-1 
Z 0.035 + “~~ (- 0.016). For y to be minimum, ду/ди-0 
u 

= 0.035 -0.008(24-1)20 = и-2.6875 

and x= xo + uh =3 2.6875 х1= 5.6875. 


Thus y is minimum at x 25.6875. 


Жып 70.205 + 2.6875 x 0.035 + - (2.6875 x 1.6875) (- 0.016) 20.2628. 
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Example 7: Find the value of f' (x) at x = .04 from the following table: 


‚01 ‚02 .03 .04 .05 .06 


.1023 .1047 .1071 .1096 .1122 


[B.C.A. (Kanpur) 2011] 


Solution: Since we want to find the derivative at a point near the middle of the table, we 
may use any central difference formula. In this case we have used Bessel's formula. Here 
x 2.04 andh= 

-.04 


h 


Consider a new variate u = 


We want Р (x) atx =.04. Again for x =.04,u=0 


d du _ 4 МЕД (и) 
- dudx dx fw) 2,709 Л 


and — = fw 


The difference table is as under: 


ШЕШ e Га o pe po ляг 


Bessel’s formula is 


уо) = 5170) + 1001 u- | a pv D zt? y+ А? уу] 


webu om Flat fOD + at f(-2)] 


Tes 
upto fourth differences. 
Differentiating w.r.t. u and putting u 20, we have 


f (0 4700) — LA? f(D +a? /(0)]+ A 3 f(- 9552 Tat fc I) +A f(-2)] 


= -.0026 ==, 0001 + 10000] + [-. 0001] + ә; I=; 0001 - .0001] 
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~ 0026 .0001 .0001 -0002 .03075 
4 12 24 12 


FO) 109075 3579. gap, 


h  12x.0l 12 


P= 


Example 8: Find f’ (7.50) from the following table: 


7.47 7.48 7.49 7.50 7.51 1.92. 1:33 


p= f@ .193 .195 .198 .201 .203 .206 .208 


[B.C.A. (Rohilkhand) 2007, 2011; B.B.A. (Meerut) 2002, 2004] 


Solution: Since we want to find the derivative near the middle of the table, we shall use 


one of the central difference formulae. 


x-7.50 
: where ҳо -7.5,7-0.0118 


The Bessel’s formula with a new variable и, given by u= 


l _1 и (и —1) [A f(- 1) + А2 f(0)] 
fe) - 1L) + /@1+ (^ 2) a jy, 2G Dr JC D 2 0) 
(8-5) и(и-1) 4 4 
E 2 AB CD (441) и(и—1)(и-2) [A f(- + A* /(—2)] 
3! 4! ! 2 


(«-2) (u 1) и(и-1) (u—2) 
sO A? 2) 


1 (0+2) (w+ ) и(и- 1) (a - 2) (и 3) [А 7-3) + AP fC2)] | (1) 


6! 2 
= [ose Fe [Pro [әлә [2лә лаг 


.003 
-.010 
-.007 
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(147 
х-7.50 du 1 4 4 du 1 
Si ш------,----, A ces 7 5 
n нийг л! QU ele 
Now differentiating (1) w.r.t. и and putting u = 0, we get 
1 1 1 1 1 
00) =.002 – – [– .001+.001 + — (.002) + — [–.004 + .003|– —— (–.007) – —— (–.010 
f^) =.002 -Z [-.001+.001]+ = (.002) + = [-.004 +.003] - = (-.007) - —— (-.010) 


= .002 + 0 + .0001666 – .0000416 + .0000583 + .0000833 


= 0).0022666 (оп 2. 


f (7.50) = 2/0 (.0022666) -.22666. 


Example 9: Given the values of an emperical function f(x) for certain values of x. Find 
(i) f'(93), (ii) the value of x for which f(x) is a maximum, (iii) the maximum value of 


f(x) in the range of x. 


Solution: (i) Since we require the derivative at a point near the middle of the table, so we 
shall use one of the central difference formulae. In this case, we have used Stirling's 
formula; The difference table is as under: 


for x 293,u 21/520 2. 


. х-90 
where a new variate и- i 


d ld Ї: 
Now acr (u). 
A f(0) - A f(-) Ê 2 i! =F) 1.35 
JU) aoe 215 409 s Quy 
+08 ene EG LED ea. (1) 
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Differentiating w.r.t. u and putting и= 0.2; we get 


ft) ALO*AFCD , 202) уд 
ae (2° -1 
3! 


3 ээн 
Тай jen хай fage 022-209 


-2.34(5.0 12-1 032 -.4 
Бест То dug ug = 
2 12 24 


227 у ge 220.0 .368(8.7) 
3 3 24 


=1.35 - 1.46 -.30067 – .1334 = –.54407. 


Now 7 (arf (4 =т= (-.54407) =- 036271. 
1 


(ii) In order to have f(x) maximum, solve the equation 


f (x)=0 ог (и) =0 


ie. Af()* Af(CD | 24 2 л p 3H -l 
2 2! EY 
3 
xp LA? f(D +A f(-2)] + 4 f(-2)-0 
or 135 +0(-7.3)+ 251g qp е 
or 16.20 —87.би+ (312 - 1) (4.1) + (3i? – u) 8.7 20. 


17.40 «12.3i2 —96.3u+12.10 20 


Solving this equation by Newton-Rephson method, we have 
и-.128126. ~. х=90 + 15и=90 +15 (0.128126) 291.92189. 
(iii) The value of f(x) at this point is obtained by putting 


u=.128126 in Stirling’s formula (1) : /(91.92189) =43 .2641. 


Example 10: Compute f"(15) given: 


13 16 21 29 


402052 1118209 4287844 21242820 


[B.C.A. (Kashi) 2007] 


Solution: In this case the values of the argument are unequally spaced, so we may use 


Newton’s divided difference formula. 
< 
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The divided difference table is as under: 


MES EON ЫШ ЕИ ПЕ Б 


644 

1345 1765 
12999 

66340 7881 
83928 

402052 22113 
238719 

1118209 49401 
633927 

4287844 114265 
2119372 

21242820 


Since the fifth divided differences are constant, Newton’s divided difference formula is 
f(x) = fla) + f(x —a) + A f(a) + (x — a) (x — b) A? f(a) + (x-a) (x — b) (x ^e) АЗ f(a) 
+ (x — a) (x - D) (x ^ e) (x — d) Ly F(a) + (x —a) (x - b) (x - e) (x - d) (x - e) А? Жа) +... 


Differentiating w.r.t. x thrice, we get 


f(x) = 6 A? f(a) + [24x — 6 (a b - c  d)] A* Ға) 


[60x32 -24x (a+ b c+ d) + 6 (ab + сй) + (a+ b) (c + d) 


-e24x -6 (a - bec d)] A? f(a). 


Putting a 22, b = 4,с =9, d =13,e 216, x 25 we get 
f" (5) 26 x556 + [120 – 168] 45 [1500 -3360 + 750 + 792 -16 (120 -168)] 


—3336 - 2160 + 450 21626. 


Example 11: Find the first three derivatives of the function tabulated below at the point 


4252.55 


3.375 6.059 13.625 29.368 73.907 196.579 


Solution: In this case the values of the argument are unequally spaced, we may use here 


Newton's divided difference formula. 


» 
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The divided difference table is as under: 


3.375 
6.059 
13.625 
29.368 


73.907 


196.579 


We observe that the third divided differences are constant. 


Again Newton’s divided difference formula is given by 
f(x) = fla) + (x — à) A f(a) + (x-a) (x -= b) A? fla) + (х — а) (x —®) (x — с) А? fla) 
taking upto third differences. 
On differentiating w.r.t. x thrice, we get 
f (x) =A f(a) + [2x -a - b] A? f(a) + [Bx? -2x (a+ b+ c) + ab + ac + be] АЗ f(a) 
f" (х) 22 M f(a) + [6x -2 (a+ b+ с)] A? f(a) 
f(x) 26 АЗ f(a) 
Here a=1.5,b=1.9,c=2.5 On putting x =2.5,we get 
f (2.5) =6.710 + [5 -3.4]5.9 + [3x 6.25 -5 (1.5 € 1.9 - 2.5) € 11.35] 1 
=6.710+ 9.44 + .600 216.750 
f” (2.5) =2 [5.9] + [15.00 -2 х5.9]1=15.00, 
f"(2.5) 26x12 6.00. 
Example 12: Using divided difference, find the value of f (8), given that f (6)-1.556, 


f(7)=1.690, f(9) = 1.908, f(12) 2 2.158. 
[B.C.A. (Bhopal) 2007, 2012; B.C.A. (I.P.U.) Delhi 2007, 2012] 


Solution: Divided difference formula is given by 
f(x) = / (хо) + (x 7x9) А (хо) + (x 7x9) (x ^1) А2 F(x) + (x 739) (x 233) (x 219) АЗ F(x) 
+(x- x0) (хд) (х— ху) Gras) A* /(хо) 


+ (x — x9) (x 233) (x — x2) (x — x3) (x ха) А? (ха)... 24) 
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The divided difference table is given by: 


Differentiating (1) w.r.t. to х; we get 
f(x) =A f(x) + [2x хо — ху] A? f (x9) 


+ [322 —2x (xo + Xj + Ху) + xoxj + XQ + XOX] АЗ fo) 


Putting xy = 6, 4) =7, x9 =9, x3 =12, x = 8 and the values of the divided differences from 
the table, we get 


f/(8) 2.134 + [2 x8 -6 - 7] (- .0083) 
+ [3x64 -2 x8(6 749) 6x74 7x94 6x9](.00051) 
-.134-.0249 + (192 – 352 +159) (.00051) 
=.134 –.0249 —.00051=.134 – .0254 2.10859 


Example 13: Given the following pairs of values of x and у = f(x): 


Determine numerically the first derivative at x =4. 


Solution: In this case the value of the argument are not equally spaced, so we shall use 
Newton’s divided difference formula. The divided difference formula table is: 


: Numerical Methods 
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Newton’s divided difference formula is 
f(x) = f(a) + (x-a) A f(a) + (x — a) (x —b) АГ f(a) + (x — a) (x — b) (x -0) АЗ f(a) 
+ (x =a) (x =b) (x ^ c) (x ^ d) А f(a) +... 


Differentiating this w.r.t. x and putting x = c, we have 
f' (=A f(a) + (2c -a - b) & f(a) + (c а) (c b) АЗ f(a) + (с-а) (c - b) (c - d) А? fla). 


Puttinga 21,5 22,c 24,d =8,e =10 and the values of differences from the table, we get 


/@=1\+5хр+3х2х0+3 х0 +3 х2 (4 (- iz) 


144 
=1+1.666 + .1666 22.832. 


Example 14: Find f’ (5) from the following table: 


[B.C.A. (Meerut) 2004] 


Solution: The value of the argument are not equally spaced, so we shall use Newton’s 
divided difference formula. The divided difference table is given below: 


11 
7 
32 1 
11 
54 1 
16 
118 1 
22 
228 


Newton’s divided difference formula, if third differences are constant is given by 


f(x) = f(xo) + (x — xo) / (хр, л) + (x — xo) (х= хр) Р(х, х, 12) 


F(x хо) (х=) (x 2 39) f(xo, 1, X2, 13). 
Now differentiating this w.r.t. x, we get 
Р (x)= (хо, ху) + tx — ху) + (хх) / (у, Х|, ху) 
+ (a3) (729) + (x — xo) (x= хә) + (x — ду) (x 7 ху)} (о, х, хо, x3). 
Hence putting x 25,x9 =0, xX] 22, x9 23,x4 =4 and the values of various divided 


differences, we get 
Р (8) =11+4(5 -2) (5 -0)} x7 + {(5 -2) (5 -3) + (5 -0) (5 -3)+ (5 -0) (5 -2)5 xl 
=11+56+31=98 


Numerical Differentiation : 
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Example 15: Assuming Stirling's formula, obtain the following approximation: 


20) - 2 [f(x + ) - f(x-)]- 1. [f(x + 2) - f(x - 2)] upto third differences. 
dx 3 12 


Solution: The Stirling's formula is 


AFO+ASCD 32 ou y xoà -0 ACD fOD 
2 


F(x) = f(0) + х tes 3p 5 


Differentiating w.r.t. х, we get 


d _AFO)+AF(-D 2х о Gra) A CI $3 
а aH 0 X 1 


(taking upto third differences only) 


Putting x = 0, we get 


4 foy АУ AIC 1 


-c [АЗ f(D + АЗ FE 
5 z lA fOD +А no 


Now putting Af (0) = f0) - f(0), af D) = f(0) - fC D 
a? f(-1) = /@ -3f(0 +3 f(0) - f(- D, А? f(-2) = f() -3f(0) + 3/70 - Қ-2) 


and then simplifying, we get 


d 22 mx» mnm 
мінез өтілі! 


Shifting the origin to x, we have 


d 
£ fa) SED- р 2)- /(х —2)]. 


Example 16: Assuming Bessel's Interpolation formula, prove that 
d Ї 3 
qe = Ау, 1/2 = 24 A Jx-3/2 + 
[B.C.A. (Agra) 2006; B.C.A. (Kanpur) 2003, 2005; B.C.A. (Lucknow) 2003, 2007] 


Solution: The Bessel's formula is 


2 2 4-7 х(х-1) 
ОА 1 х(х-1) ^ Ja tA yo шы 3 
ae aad Gi) ae TR gates 0 
: 1 
Changing х to цагыг get 
1 1 
хҒ-|(|х-- 2 2 
+ | 2) 2| Rien 
Jan =O ag + А 
Galle 
ЕЕЕ | 
+ 2 2 АЗУ dus (2) 
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Differentiating (2) w.r.t. x, we get 


a t 
2x M y +d? ур 7 (« 1) 


3 
oM A He з 
21 2 31 7-1 


d 
ж (Jx41/2) =A Yo 
Putting x = 0, we get 


d 1 
T (+102) =A yo Sage Uil +... 


Now shifting the origin from x =0 to x — : , we get 


L 3 
A J'x-3/2 5E es 


d 
ur (уу) = A уу-у 794 


Example 17: Prove that 


у = (8 у-у 894.) 


“л 


24 640 
ШЕШЕ. 1.4 16 | 
а --г|6у---6б6%у-а---6?у-.. 
е э" = (rrr 55» 
Solution: We know that 
$= E! ғ? = 10/2 2 0710/2 C E = Р) 
=2 sin h ED 
2 
Or TP asin т! 5 (1) 
by Taylor’s expansion, we have from (1) 
3 
шү х=х-^—+-—х? ee 
б 40 
Therefore by this expression, we have 
3 
^р = 5 = 8 + 3 8 = 
2 2 6x8 40x32 
1 1 23 2-29 
П--|6---6” +——— 86° -... (2 
ын h | 24° 7640 | (2) 
Again operating these operators on y, we get 
1 Т 23 35 
D у= y=-|6 y-—8& p+ — y-.. (3 
vay ; [72:9 * a J | (3) 


From (2), we have p? r” 208009 --| 


Operating these operators on y, we get 


І 1 1 
р? y= y” == |82 y-— 84 y+ — 8° =. 
ie z| J^712? 7*90° 7 
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Example 18: Sh „= аря : = 
ple 18: ow that у = p óy ХААХ g 9X 


and 


Ne. о quje Ly ce ye zs (4, - 8* ул) | 
9$ 
Solution: We know that Ты =]+ — 


8 128 
Also from equation (2) of Ex. 17, we have 
hD 3 4 
8 24 640 
2 
Now шижин 1-6,3 942 x 1-9 54.3 34. 
би 6 24 640 8 128 
2 
эйе fot x 
б 30 
sul, 5: 14 и. 65 ё 
D =— |l- = += 0° -.../=—]6-—+—- 
zi М 6130 h|^ 6 30 
Again, operating these operators on y, we obtain 


—— – „(1 
6 30 (0 
But by definition, we have 
8o E p and pot el? ЕЭ) 
2 
-(Е-Е7)-и6 
= 5 | )=p 
1 21 1 
=> бш Jp o S (E-E ) Jo -z Oi 7 Ja) 288 Jo (2) 
Hence from (1), we get 
T AM EM 
Jo =F BW 7 E Jo H 3o 70 


1 
(о уа) в. (8 у -8 yy) + Eg (8* y, -8* y 1) | 
Example 19: Prove that у 


таууна : Aes lay +...) 
and y” uy yeu V*y «.. 4): 
Solution: We have E =e"? 
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=> l+ A= 
> h D = log (1+ A) 
> Sir) 
h 
1 
=> Dye loge 4) y 
-h 2,2 A^, 
hj 2c Sa 
2 3 4 
ЖЕ Ay Ny AJ. 
= у-у 2 3 4 | 
А -hD = 
gain e 1-V = D=--log(l- У) 
Now, y» D y-|-iiegd- v) y=- flog (1. - V)P y 
=z (V+ V+ у? + Ян |v ev envie IE 
Д Д 


Example 20: Prove that 
d 1 1 1 
1; U» = h (Vth Ni Әх-һ) > 2h (Ух+2һ = Jx-2n)* 3h (Jx43h = Yx-3h) 
[B.C.A. (Rohtak) 2006, 2012] 


: Ї 1 1 
Solution: R.H.S. = x {Vysh- 7 Ууз + 7 Jxs3j mt 


1 
5 Jx-3h 7+ 


1 1 
5 h Ух-їл 2 Jx-2n + 3 


1 1 1 : ls ЦЭР 
= Es 75 УЕ Jtg ВЭЭ 243-4БЛуу-т E Jet а Е Ya- 


- [Пор (1+ E)) y, - {log (1+ E-))) y,].. 


sis тын х=] iog E} = (5 өре?) y, Ё Bae? | 
h 1+ E É h қ 
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Problem e et 


Find E at x = 1 from the following table: 


[B.C.A. (Meerut) 2003] 


Find the first two derivatives of f(x) at x = 1 from the following table: 


-100 -144 


[B.B.A. (Meerut) 2005] 
Show that the expressions given below are approximations to the third derivatives 
of yy: 
: 3 3) 4 
1) Ayo +|x- 2 А? Yo; [B.C.A. (Lucknow) 2002] 
ЗЭВ: 2111. 4 
(1) A J-] zd E 2 2 (А J-2 +A у). 


Using divided differences, find the value of / (8), given that (6) = 1.556, 
f (7) =1.690, f(9) =1.908, f(12) 22.158. 


Use the following data to find /(1) 


17315 35606 


2 
Find y and - оҒу- x! at x 250 , from the following table: 
x 


Numerical Methods 
158) 


8. For what value of x is the following tabulated function minimum: 


.8975 .8873 .8862 .8935 .9086 


9. Assuming Bessel’s interpolation formula, deduce the following approximations: 


d І 3 
== Лү, E 7 
i Jx J'x-1/2 24 J'x-3/2 


42 1 9 2 
санта Jx-3/2 + А Jy узе» 


43 2 

2 (Ух) =A уус /2 * 

a IY 1 

1,4 99 =4 y, t (5-5) 5 002 + A y) cus 


10. By using Stirling formula of degree six, shown that 


7 1 1 1 
(i) J (о) = (èn Jo Z PH Jo + 35 PU o 2 
(бі) » (00) =2 [Po БӨ». 
п) Y 950 2 0712 Qt 


11. Prove the following formula 


zl їз „1-8. 14 | 

| Аре Ар Аре Ар, 

J a саа 
апа о[у reve) 


12. Use Stirling formula to find the first derivative of the function y =2 e'-x-1 


tabulated below at the point x 20.6 


1.5836494 
1.7974426 
2.0442376 
2.3275054 


2.6510818 


Compare with the true value which is 2.044238. 
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13. Find f (l) for f(x) = — using the following data: 
+x 


.2500 .2268 .2066 .1890 


14. The function y —sin x is tabulated in the scheme below. Find the derivative at the 


point x =1. 


0.8 0.9 1.0 11 1.2 1.3 


0.7 
> [ens .717356 .783327 .841471 .891207 .932039 .963558 


15. A slider in a machine moves along a fixed straight rod. Its distance x cm. along the 
rod is given below for various values for the time t seconds. Find the velocity and 


acceleration of the slider, when t 20.3 second 


0.1 0.2 0.3 0.4 0.5 0.6 


0 
30.13 31.62 32.87 33.64 33.95 33.81 33.24 
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A WSEAS 


c= 


ре 
qe 


Velocity = 5 .34 cm/sec. 
Acceleration = — 45.6 cm/sec? Я 


OOO 


Unit-5 


Chap t er 


Numerical Integration 


7.1 Introduction 


b 
It is the process of finding or evaluating a definite integral I -| Жо) dx from a set of 
a 


numerical values of the integrand f(x). If it is applied to the integration of function of a 
single variable the process is known as quadrature. The problem of numerical integration 
is solved by first approximating the integrand by a polynomial with the help of an 
interpolation formula and then integrating this expression between the desired limits. 


Thus to evaluate the definite integral | f(x) dx, first express the function f(x) by an 
a 
interpolation formula say p (x) and then integrate f (x) between the limits а and b 
b b 
i.e. | F(x) d~ f p(x) dx 
a a 
The error in E in such type of approximation is given by 


J sod- [perde [^ ореола 


7.2 A General Quadrature Formula for Equidistant 
Ordinates 


[Meerut 2000, 2002, 2003, 2005; Avadh 2003, 2004, 2005; 
Bhopal 2002; Agra 2003] 


b 
Let I =| J dx where y= f(x). Let f(x) be given for certain equally distant values of 
a 


arguments, say xo, xo + Л, xo + 2h,...... Let the range (b — a) be divided into n equal parts, 
each of which is of width h, 


» 
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i.e. b-a=nh. 
Let Xo =4, = ҳу +h=a+ h, x =a+2h,... x =a+nh=b, 
we have assumed that the (n + I) ordinates yo, yj,..., y, are at equal intervals. 
Xo t nh n 
Iz Ї yar = Ї, жа-р Уху up йи. 
Х-Х 

where new variate u= п 0 ; dx=hdu 

1 

n u(u-l) =: 
or тей | [ж + may + : ag 

0 ! 


3! UU n! 


т. wit ji 3 A? yo 
ШЕРІ T 2 cuu TG +7 3] 


+... up to (n+ I) tems} (1) 


„кешел, ШИШИ 


и(2п-3) Eps” (n-2) 


n 3 
ЫГ Жа AN MET 24 А? ур 


4 3 И 4 5 3 5 
+ 2-2» пт 2 ^ Jo [I цээж, = өм 4 20 


5 2 3 4! (6 51 
6 5 3 2 6 
А 
[E_E үүрд 22588 2740 суу) 290, 42) 
7 6 4 3 61 


This is known as Newton-Cote's quadrature formula and is a general formula. We deduce 
the following important quadrature rules by taking n = 1,2,3,... 


7.3 The Trapezoidal Rule 


Put n=] in (1) and neglect second and higher differences when n=1, the interval of 
integration will be from хо to xo + /, and there are only two functional values yo and yj in 
this interval, with only two values, there can be no differences higher than the first. Thus 


we have 
mE Jı- a Jo * JA 
| уан +5 x] Do + — ‚| л 
Xo 
Xo +2h 7 
Similarly | Ч ydxzh (2522) 
j Xo th 2 


Xo +nh + 
| 0 A y de = [= 1 >) 
ху tG-Dh 2 


IN 1 А 
Numerical Integration 
3 (165 


Adding these n integrals, we get 


X) +nh 1 
J Jae hl, (у + In) (аз ect УнаЛ 
Xo 
= distance between two consecutive ordinates 


x [mean on the first and the last ordinates sum of all the intermediate ordinates] 


This rule is called the Trapezoidal Rule. (1) 


Note: Неге we have taken у, а polynomial of the first degree in x or a straight line. 


7.4 Simpson's One-Third Rule 


[B.C.A. (Bhopal) 2002; B.C.A. (Avadh) 2005, 2007, 2010] 


Put 7 22 in (1) of 7.2 and neglect third and higher differences. [In this case interval of 
integration will be from x to ду + 2/ and there will be only three functional values ур, yj 
and уә: this with these values, there will be no differences higher than the second]. 
8 
х) +2h (5 ~ 2) 
| Ja =һ|2 уу € 2 (y - Jo) + = (5-2 + Jo) 
Xo 


h 
S (yo * 491 + 2) 


ху +4h 


Similarly, | уйх = Ё (9 + 4.93 + Ja) 


ху *2h 


n +nh 3 h ) ) 
х= = (у 9 +4 Yy] + у (nis even); 
РИ, J. 3 Jn-2 Jn-1 © Jn 


on adding all these integrals, we get 


Xp t nh ] 
| уй - 2 [Oo + у)+4( + a +...+ Yu) t2 Us + уд +...+ у„_2)] 
50 


= (One third of the distance between two consecutive ordinates) x [(Sum of the extreme 
ordinates) + 4 (Sum of the odd ordinates) + 2 (Sum of even ordinates) | ЕНЕР 


This formula is known as Simpson’s one-third rule. It is also called as parabolic formula. 


Note: In this case, we have neglected all differences above the second; so y will be 


polynomial of second degree only 


i.e. y-a bxc 
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7.5 Simpson's Three-Eighth's Rule 
[Meerut 2007; Bhopal 2002; Avadh 2005] 


Put 1 23 in (1) of 7.2 and neglect all differences above the third. In this case only four 


functional values will exist and consequently there will be no differences higher than the 
third. Thus we get 


ху +3h 9 9 
| уах=һ|Зуу+—(у— Jo) += (ә -271 + Jo) 
*0 2 в 


3 
Жа (з -32 * 3 - Jo) 


3h 
=g uU ®ЗЛ +32 + 23]. 
X9 +6h 3h 
Similarly, J т уй = g [оз * 3 уд * 3 ys + ye)] 
Xo +n 


Xp t nh 3h 
J J dx -— [n-3 + 3n-2 + 3.n-1 + Jal 
ду +(n-3)h 8 


Where nis multiple of 3. 
Adding all these integrals, we have, when nis a multiple of 3, 


Xp nh 3h 
| Jie DU + Yn) +3 (J1 + Y2 + уа Js eet Yn) 
Хо 

+2 (y3 + Y6 +--+ J4-3)]. (1) 
This formula is known as Simpson’s three-eighth’s rule. Applying this rule, the number of 
sub-intervals should be taken as multiple of three. 


Note: Since we have neglected all differences above the third so y will be polynomial of 


the third degree. 


i.e. узах b? eod 


SOLVED EXAMPLES 


Example 1: Compute the value of the definite integral 


1.4 
| (sin x - log, x + e*) dx 
2 


by (i) the Trapezoidal rule, (ii) Simpson’s one-third rule, (iii) Simpson’s three-eighth rule, 
(iv) Weddle’s rule. After finding the true value of the integral, compare the errors in the 


four cases. 
< 


N 1 : 
Numerical Integration 
8 (165 


Solution: In this case divide the range of integration into twelve equal parts by taking 
h=.land then the values of the function y =sin x — log, x + с” are computed for each 


point of sub-division which are as under: 


log, x = logjo x 


x2.30258 


— 1.60943 1.22140 3.02950 
-1.20397 1.34986 2.84935 
.91629 1.49182 2.79753 
.69315 1.64872 2.82130 
.51083 1.82212 2.89759 
.35667 2.01375 3.01464 
-.22314 2.22554 3.16604 


-.10537 2.45960 3.34830 


.00000 2.71828 3.55975 
.09530 3.00417 3.80008 
ху + 107 қ А 418232 3.32012 4.06984 
хо» 11h : : .26236 3.66930 4.37050 


xo + 12h . : .33647 4.05520 4.70418 


(i) By Trapezoidal Rule, we have 


1.4 | 22 +12 x.l 
| (sin x loge x + e*) de = | Jy dx 
22 2 
Неге nzl2,hz.lxg-.2,y-sinx-log, x + ех. 
Again we know that 
X) +nh h 
| Зээ + Yn *2(yi Yo +--+ ул-01 
X 


0 
Substituting the values of h, ур, Ym... in the above formula, we get 


1.4 Й 1 
| (sin x – log, x + e”) cy [3.02950 4.70418 + 2 (2.8493 +... + 4.37050)] 
2 


= 5 [7.73368 + 2 (36.69492)] = 4.05617. 


Pp. Numerical Methods 
T А iz ids 
(1) Ву Simpson’s 3 Rule, we have 


ду t nh h 
| Jade = + Int 4 (N+ уз +) +2 (уо + ya td]: 
Xo 


(7.73368 + 4 (20 .20415) +3 (16.49075)] 


[121.53186] 24.05106. 


vol. wl] 


(iii) By Simpson’s >” Rule, we have 


Xo +nh 3h 
| Jd =y o + у +3 Unos Ue + уа + +...)+2 (3 + yo +...)] 
50 
З (1 


= —2— [7.73368 + (26.90750) + 2 (9.78742)] =4.05116. 


(iv) Ву Weddle’s Rule, we have 


— 


ду t nh 3h 
J. Te Vo t Int UC ee +...) 
^0 


+ Jo + Ya t+ Jg + No * 2J6 + 6Cy3 + уу)] 
==) [7.73360 + 5 (3.58879) +13.32471 


+ 2 (3.16604) + 6 (6.62138)] 
= 4.05098. 


Again the value of the integral is 


1.4 | 
1 =| (sin x — log, x + e*) dx 
2 


= [соз x х (log, х—1)+е*] у -4.05095. 


Therefore the errors are: 


due to Trapezoidal Rule — .00522 
due to Simpson’s Y Rule -.00011 
due to Simpson’s € Rule — .00021 
due to Weddle’s Rule — .00003 


We observe that Weddle’s rule is more accurate than other rules. 


Example 2: A curve is drawn to pass through the points given by the following table: 


Estimate the area bounded by the curve, the x-axis and the lines x =1, x =4. 


[B.C.A. (Meerut) 2002, 2004; B.C.A. (I.P.U. Delhi) 2007, 2012] 
« 
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Solution: By Simpson's (1/3) Rule, we have required area 


h 
== [yo * 49 +2 +493 +... +4, + Yn] 


=22259.6+5.4+112+104+21] 


20.35 
- ХЭМ E 2,2552 units of area 


By Weddle’s Rule, we have required area 
3h 
"db a 994 6 ya + уд * 5 ys + Je] 


3x0.5 
= m (2-12.0-2.7-16.8-3-13.0-21|-7.74 units of area 


3 
Example 3: Calculate by Simpson’s rule an approximate value of | xt dx by taking 
-3 


seven equidistant ordinates. Compare it with the exact value and the value obtained by 


using the Trapezoidal rule. [B.C.A. (Meerut) 2002, 2005] 


Solution: Let us divide the range of integration (— 3,3) into six equal parts each of width 
23 -(-73) 
| 6 


given below: 


= ]unit. Hence Л = l,value of the function for each point of sub- division are as 


хә =-3 

xo *h2-2 

xo *2hz-1 
Xo + 3h=0 
xo + 4h=1 


xo + Sh=2 


X9 + 65123 


Now, by Simpson's rule, we obtain 
3 h 
J : г dr =z [Jo + Je * A9 + Js + 5)%2(у + y4)] 
= 5 [162 «4x32 +2 х2]= у x294 - 98. 


But the exact value of 


3 БТ d 1 
| х4 ZEN -s[o» -C3)]-zx486 =97.2 
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Also by Trapezoidal rule, we have 


3 4 h 
| x de => Lyo +26 -2( yo + уз + + 95) ] 


=; [162 +2 x34]=115. 


Thus it is obvious that the Trapezoidal rule does not give an accurate result. In general 


Simpson’s rule give a better result than Trapezoidal rule. 


« 


1 
Example 4: Evaluate І —- by using Simpson’s г and $ rule. Hence obtain the 


0 l+ 
approximate value of п in each ease. 
[Delhi (H) 2010; Meerut 2001, 2003; I.A.S. 2000, 2006; Avadh 2004, 2010; 
B.C.A. (Agra) 2005, 2011; B.C.A. (Lucknow) 2012; B.C.A. (Kanpur) 2007] 


Solution: Divide the range into six equal parts each of with л = - and compute the value 


1 : 5152 
of y= у at each point of sub-division. 
+x 


These values are given below: 


(1/1) =1.0000 


36/37 =0.97297 
36/40 20.90000 


36/45 2.80000 
36/52 2.69231 
36/61=.59016 


1/2 =.50000 


By Simpson’s Y rule, we have 


Xp +6h h 
| ух = Dg % +4 Ол + уз + 5) +2 (у + T 
1o 
= T [1.00 + .500 + 4 (.97297 + .80000 + .59016)] 
+ 2 (.900 + .69231)] 256) 
=.785395 (on simplification). 


N . "n 
Numerical Integration 
3 |169 


By Simpson’s u rule, we have 


Ху +6h 3h 
| ooo +96 #3 0i +» +4 + 5)+2 09)] 
Xo 


-- [1.5000 + 3 (.97297 + .900 + .69231 + .59016) +2 x (.800)] 


-.785395. 442) 


1 di Ш 29) 
Again, | = ae) эг 3 
5 0 I«x* Io 4 @) 


From (1) and (2), we get n 23.14188 and from (2) and (3), we get x 23.141580. 


6 
Example 5: Evaluate | 5 by using (i) Trapezoidal rule 
0 


+x 
TE ЕТІН EM T : , 
(ii) Simpson's 3 rule (iii) Simpson's 8 rule, and (ір) Weddle's rule 
[B.C.A. (Kurukshetra) 2004, 2007; B.C.A. (Rohilkhand) 2008, 2010] 


Solution: We divide the range (0, 6) into six equal parts each of width /; 2 1and compute 


the values of у= i ! 5 at each point of sub-division. 
TX 


The ши values are as follows: 


Xo th xwt+2h 0537 xy t+4h xy t+5h xy +6h 


.058824 .038462 .027027 


(i) Trapezoidal rule, 


6 dx 
J 55 (Ор + Je) +2 Qn + Jo + Js + Ja + J5)] 
0 1+х 


=Z +.027) +2 (5 + .2 4.14.0588 + .0385)] 21.4108. 


(ii) Simpson’s (1/3) rule, 


6 
І A сэ + ye) +4(n + Js + 5) +2 (у» + 34)] 


=l 140.027) +4 0.5 +0.1+ 0.0385) +2 (0.2 + 0.0588)] 21.3662. 
> 


E Numerical Methods 
(iii) Simpson’s 3/8 rule, 


6 d 8 
J Oo 808) +3 01 +» +4 +s) +205] 


0 l+x 


-31040.027 +3 (0.5 +0.2 + 0.0588 + 0.0385) + 2 (0.1)]=1.3571. 


(iv) Weddle’s rule, 
|) dw — 3h 


[yo * 54 + Jo * 63 + Ja * 5ys + Vo] 


0 1+x 10 


20.3 [1+5 (0.5) +0.2 6 (0.1) + 0.0588 + 5 (0.0385) + 0.027] 
-1.3735 


6 2 
Also І dy = | сал”! х, = tan! 6 21.4056 


Hence the value of the integral found by Weddle's rule is the nearest to the actual value 
followed by its value given by Simpson’s 1/3 rule. 


10 
Example 6: Calculate (up to 3 places of decimal) І a by dividing the range into 
2 l+x 


eight equal parts. [Meerut 2001, 2007; B.C.A. (Kurukshetra) 2007, 2012] 


Solution: Dividing the whole range of integration i.e. (2, 10) into eight equal parts each of 


width Л = 1, computed values of y ЯГ ! at each point of subdivision; the computed 
+x 


values are as follows: 


10 = хо + 8h 


By Simpson’s Y rule, we get 


ху +8h h 
| J dx = 17% + Sx +8h + 4 (Уф thet Ул «7n)] +2 Ож 42h t- + Ух, +6h)] 


A 3 


h 
== [Jo + Js +4 (у + уз + Js + yp) +2 (о + Ja + y6)] 


1|1 1l ] 1 1-1 1.1.1 
=—|—+—+4+4—+-+—-+—++2+—+—-—+—-— 
js 11 Ё 6 8 ot K 7 1! 
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1 
Example 7: Show that | цах. = 105 2 = 0.69315. 
o 1+х [В.С.А. (Арга) 2000] 


? 


Solution: Dividing the whole range (0, 1) into 10 equal parts making use of Simpson's E 


rule, we have the values of y at each point of sub-division are given below: 


хә 20 
xo t Az. 
у + 2h=.2 = .8333333 
+ 3h=.3 =.7692307 
+ 4h=.4 =.7142857 
+ Sh=.5 =.666666 
xp + 6h =.6 = .6250000 
ху + 7h=.7 = 5882352 
xy + 8h=.8 = 555555 
X9 + 9h=.9 75 = 5263157 
ху +10h=1 = .500000 
[, 2j” ИТЕЛІ, + Wo t4( yt... t+ уо) +2 (р ж... g)] 


KO 
al) tag Apl уту +9 РЕ С СРЕ У 
3 2 Ll 13 L5 L7 19 12 L4 L6 L8 


rie +4x3.45955 +2 x2.72818] 


2-5 120.79456| -.693152 -.69315 upto five decimal places. 
30 


1 
Again Ї, - _ dx =| log (1+ 95 = log 2. 


1 
Непсе, log2 - | zt d =.69315. 
о l+x 
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n/2 . 
Example 8: Calculate | €? * dx, correct to four decimal places. 
0 [B.C.A. (I.P.U.) 2010] 


Solution: Divide the range (0, x /2) into three equal parts taking Л = x /6 and compute 


the values of the function at each points of sub-division. 


The values of the function are given below: 


1/6 1/3 1/2 


1.64872 2.45960 2.71828 


: е 
By Simpson’s Б rule, we have 


ne sin x 3h 
Ї, e dx = rub + Js +3 (у + уо)] 


- [1+ 2.71828 + 3 (1.64872 + 2.45960)] 


[3.71828 + 12.32496] = - [16.04324] 2 3.150722930. 


« 


dx, using Simpson’s 
> 8 P 


2 1 
—' rule, b 
+ д? 3 е 


dividing the range into four equal parts. Also find the error. 


1 
Example 9: Find the value of log 2 from І 7 
0 


| Авга 2003: Avadh 2003] 


Solution: Divide the whole range (0, I) into four equal parts taking Л =.25 . The values of 
2 
the function y= T z 3 at the point of sub-division are given below: 


E .06153 .22222 .39560 .5000 


: sou ls 
By Simpson's 3 rule, we have 


1 x? х +4h h 
І а) уйх= = [уо + уд Ay + уз) +252] 
0 1+ х 3 


X ) 


25 
= [0 + .500 +4 (.06153 +.39560) + 2 (.22222)] 


25 
ks [.500 + 1.82852 + .4444] 2.23108. 
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Again actual value of the integral is 


1 %2 1 31 1 1 
—— dy =—| | l-x == | 2-- 
J, а” z [osí “0, 3 5575 


(69315) 2.23105 


Therefore the error 2.23105 —.23108 = -.00003. 
4 
Example 10: Evaluate | e“ dx, ру Simpson's rule, using the data e = 2.72, 2-7 .39, 
0 


e =20 .09, e* = 54.60 and compare it with the actual value. 
[Lucknow 2009; Avadh 2005] 


Solution: Divide the whole range (0, 4) into four equal parts by taking Л = 1. By Simpson's 
1 4 - х +4h h 
“т” rule, we have | of de = төв +4(y + у4)%2)у91 
0 Xo 


= [1454.60 + 4 (2.72 + 20.09) + 2 (7.39)] 


= 155 .60 + 91.24 +14.78] = 161.62] -53.873. 


The actual value of the integral is 


a 4 0 
І e” dx = -e~ -54.60-1.00-53.60. 
0 


5:2 
Example 11: Evaluate Í log, xdx, by 
4 
ar Р 
(i) Simpson’s 3 
(ii) = ' rule. After finding the true value of the integral, compare the errors in three cases. 
[Lucknow 2008; Bhopal 2002; B.C.A. (Meerut) 2002, 2006] 


Solution: Divide the whole range of integration i.e. (4,5 .2) into six equal parts taking 


Л = .2 and then compute the values of the function f(x) = log, x for each of sub-division. 


These computed values are as follows: 


xo =4.0 1.38629436 
xo th=4.2 1.43508453 
xo *2h-24.4 1.48160454 


xo +3h=4.6 1.52605630 


xo + 4h 24.8 1.56861592 
X) + 5h=5.0 1.60943791 
X9 + 6h = 5.2 1.64865863 
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(1) By Simpson’s Y rule, we have 


5.2 ] 
Í. loge x de => [y + Je +4 n + Js + J5) +2 (уз + J4)] 


= = [3.03495299 + 4 (4.57056874) + 2 (3.05022046)] 
=1.82784726. 


(ii) Ву Simpson’s H rule, we have 


5.2 3] 
Ї loge xdr == [yo + Je +3 (nt yo + Ja + y5)+2y3] 


2104 
- = [3 03495299 + 3 (6.09424290) + 2 (1.52605630)] 
= M [24 371294291] =1.82784707. 


Hence the errors are 


(i) Due to Simpson’s Y rule = .00000015. 


(ii) Due to Simpson’s * rule 2.00000034. 


1/2 
Example 12: Calculate an approximate value of | sin x dx, by 
0 


(i) the Trapezoidal rule, (ii) Simpson’s rule, using 1 1 ordinates. 
[B.C.A. (Lucknow) 2008] 


Solution: Divide the range of integration into ten equal parts taking Л = л /20 and then 


compute the values of the function f(x) =sin x for each point of sub-division. These 
computed values are as follows: 


39 20 .00000 

xo t+h=n/20 .15663 
ху *2h22n/20 .30902 
xo + Зл = Зл /20 .45399 
Xo + 4л = 4л /20 .58778 


х) + 5h =5л/20 ‚70711 
Xo + бй=бт /20 .80900 
xp + 7h = 7л /20 .89101 
ху + 8h =8n /20 .95106 
xy + 9h =9n /20 .98769 
xy + 104-102 /20 1.00000 
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(i) By the Trapezoidal rule, we have 


т/2 | h 
| їй їйї = [ду + ie 23015 Ао ао) 


-520 [1.00000 + 2 (5.85311)| “20 [12 .70622] =.9981. 


(ii) Ву Simpson's Y Rule, we have 


п /2 ] 
|, sin x dc - 7 [Jo + Jio *A4(Cyp Ja t. Y9) +2 (yo + Ya t+... + Yg)] 


- - [1.00000 + 4 (3.19623) + 2 (2.65688)] 


- a [1.00000 + 12.78492 + 5.31376] = 25 [19 .09868] =1.0006. 


Again the exact value of the integral 


п /2 г 
1А sin x dx = [= cos x] E =1.0000 


Therefore the error 


(i) Due to Simpson’s Y rule = -.0006. 


(ii) Due to Trapezoidal rule 2.0019. 


Example 13: Use Simpson's rule to prove that log, 7 is approximately 1.9587 using 


7 
| d [Lucknow 2005, 2009] 
1 X 


Solution: Let us divide the range (1, 7) into six equal parts, each of width 1 unit. Hence 


h=1. The values of y for each point of sub-division are as given below: 


Jj21/2 yy =l/3 y$4-21/A y4-21/5 у;-1/5 )-1/7 


Hence using Simpson’s ‘1/3’ rule, we obtain 


7 dx | 
| = [о +в +4(y J3 + 5) +2 05 + 9] 


1 Х 
= [14285715 3.6666665 + 1.0666667] =} х5 ‚8761905 


=1.9587302 =1.9587. 


7 
Also, the exact value of | B = [log x}, =log,7. 
1 X 


log, 7 21.9587. 
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Example 14: The velocity v (km / min) of a moped which starts from rest, is given at fixed 


intervals of time t (min) as follows: 


Estimate approximately the distance covered in 20 minutes. 


Solution: If s (km) be the distance covered in t (min), then we have 


ds 
—=р 
dt 
‹ 20 
=> [ -| vdt = - [X € 4.p - 2. E], by Simpson's rule 
0 
Here h=2,v9 =0, д 210, v 218, v4 225 etc. 
> Х= +%9 =0+0=0 


р= 0 + 03 + +07 + юу 210425 + 32 £11 2 2 = 80 
E= + v4 t vg + vg =18 +29 +20 +5 - 72 
Hence the required distance 


ap 22 0+4 хво 4.2 x72) 2309.33 km. 
90 3 


Example 15: A solid of revolution is formed by rotating about the x-axis, the area between 


the x-axis, the lines x = 0 and a curve through the points with the following co-ordinates: 


0.00 0.25 0.50 0.75 1.00 


1.0000 0.9896 0.9589 0.9089 0.8415 


Estimate the volume of the solid formed using Simpson's rule. 


Solution: Here h=0.25, yo =1, yj 20.9896, y) 20.9589 etc. 
Then the required of the solid generated 
1 [Д 
- f. ny dx-n. [06 + JA) +4 OT + 95) +25) 


= = Z I+ (0.8415)?} + 4 {(0.9896)? + (0.9089) ) + 2 (0.9589) | 


=0.2618 (10.7687) =2.8192. 


N . n ч 
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0.7 
Example 16: Evaluate х1/2 ех dx, approximately by using a suitable formula. 
0.5 


[B.C.A. M.D.U. (Rohtak) 2003, 2005, 2010; B.C.A. (Rohilkhand) 2001, 2004, 2012] 


Solution: Let us divide the range of integration (.5,.7) into 4 equal parts each of width 


з -.05;Л-.05. Тһе values of y for each point of sub-division are as given below: 


Хо =.50 .4288818 
xo +h=.55 .4278774 


xo + 2h=.60 .4251076 
xo + 3h=.65 .4208867 
xo + 4h=.70 .4154730 


Whence using Simpson's 1/3” rule, we obtain 


7 o 1 
Г x^? е "deos [yo + ya +4 (y+ уз) +2] 


.05 
- га | 8443548 + 3.3950564 + 8502152 | -.0848271. 


Example 17: If the third order differences are constant, prove that 


2 1 
k ат ІС 1/9 + 2309 + 2303 о + 05/91. 


Solution: The third order differences are given to be constant, so we may take U, as a 
polynomial of degree 3. i.e. 
U, =а+ bx + c? ас .44(1) 


Now, changing the scale to two times, we have to prove that 


4 
І Uy de = [U_ +230 +23 Us +05]. 
0 


Shifting the origin to – 2, we have to prove that 


2 
| U, dee [U-35 +23U_ +23 U] + U3]. EU, 
-2 


A 2 : 
Now, L.H.S. of (2) = | U, dr = | (a+ bx + cx” + de?) dx 
20 29 


and  R.H.S. of (2) - 2 КО з + U3) + 23 (U. | + Uj)] 
16с 


- 2. [2 (a+ 9с) + 23 х2 (a + с)| = – (24а + 32с) 2 4a + z =L.H.S. 


Ф| 


> 
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Example 18: If third differences are constant, prove that 


1 
БЕДЕ ТИКРЫНЫТАРА 
[B.C.A. (Bhopal) 2010; В.С.А. (Avadh) 2004, 2010, 2012] 


Solution: The third differences are given to be constant, so we consider f(x) as a polynomial 


of degree 3 
= Рх) =а+ bx cx? + de? siti) 
1 1 2 3 
Now LHS. =| f(x) de = [ (a+ bx + cx? ed yd 
E 2 
2 3 41! 
bx cx dx ( | 
=| ax + ——+—+—| =2|а+ = 
ИЕР 


2 с b C d 
d &Н.5. == |а+|а+ 4-4 | — + — —-—— ||, with the help of (1 
ш ac | 12 2 2 z К 42 2 sa) хасаг да 
2 


== (3a+c)=2 (« " z) -LH.S. 
3 3 


Example 19: Prove Simpson's formula 
b b-a 
J fe dx = гол [f(x9) + 4f (4) * 2f 09) +... + f OOo) 
where X) = а, X94 Р and use it to evaluate 


2 
І 2 and give estimates of error for n = land 2 given that log, 2 = 0.69315. 
0 x 


Solution: We know that Simpson's Y rule is 


| Ын f(x) dx -4 [fGxo) + flap + nh) +4 Cf(xg + hi) + flag + 3h) +...3 
0 
+2{/ (ху + 2Л) + /(о + 4h) +...}]. 


b-a 
Now putting ду =a4,n=2n, x9 + 2nh = хә =b and h = "ag we get the required form of 
n 


Simpson’s rule. 


When n=1, the whole range (1,2), is divided into two equal parts by three ordinates 
хо, Хү, хә. Thus the above formula reduces to 


2 20 
Í =f ? F(x) dx, where fee ay 3451 
] x Xp x 


b- 
=~" fao) +4 flay) + flea) 


.2-1H, 4 ,1| 1,25 25 69444. 
6x1] G5 2[ 66 36 
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Again, when л = 2, divide the whole range (1,2) into four equal parts by the ordinates 
Xo =1, хр, X2, X3, x4 22. Thus we have 


2 s 
15 E 28 f(x) d= [fi x9) t 4f (3) +2 f (хо) + 4f (3) + f(4)] 


тээж edidi 
12 (5 /4) (3/2) (7/4) 2 


-| 16 4 16 | 
=— Ы idu. 


12 327 2 
ы е а ы > (FE) - eos. 
712 210 212210 


2 Р 
The exact value is | a = | log x] =log2 2.69315. 
1 X 


Therefore the error when n=1 is .69315 –.69444 = -.00129 and when n=2 18 
.69315 –.69325 = - .0001. 


Example 20: If f(x) 2 a + bx + cx? prove that 


2 
|, тв) а= Lf) +2270) + 709). 


Solution: Since f(x) is a polynomial of second degree in х, so that in this case third and 


higher differences are zero, also here we have h = 


Again Ро) = у Б 2) =f Б | ) = E*/? £(0) 


x(x 
=(1+ Ay f(0) = f(0) + 2 Af (О) + 22-1) A? f(0) (other terms vanish) 


а ТГ x 4 2,4 
1 fod f f0) += Мо) + 42 a? уо) |а 


3 
3 ж 


2 
=| F 0+7 A №0) + 24 A? f(0) 


-2 f(0) + 2Af (0) + т 42/0) 


-2/(0)-21/0)- f (0)] + U4) -2/0)« f£ (0) 


= 5 LF 0) +227 0) + £4. 
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Example 21: If U, 2 a + bx + cx, prove that f U, dx =2U3 + 5 (Uo - 2U; + Од) 
1 


1/2 
and find approximation to | pU AO) дү, 
-1/2 [B.C.A. (Bhopal) 2002, 2007, 2011, 20121 


Solution: Shifting the origin to – 2, we have to prove that 


1 
І Uy dr =2Uy + = (02-200 + U). (1) 
-1 


CX 


1 1 2 bx? 3]! с 
Мом1.Н.8. of (1) = Uy dr =] (a+ bx + ex^) dx = iE ade л =2(а+ =}. 
-1 -1 
-1 


Again U, =at bx + c 


Up = 4; 09 =а-2р + 46 07) =a+2b+ 4c 


R.H.S. of (1) =2 Uo 12002 2pm +02) =2а+ = бал 8с-24) 


25 («+ =) He 
3 


Now changing the scale to > їп (1), we get 


1/2 1 1 
U, dx -3 [2o + 12 (01-200- о) 
-1/2 


1 
— Up + — (О 1 -206 +10). 
0 24% ч o + Uj) 


2 
Now putting U, = pum 


12 
| 2 (22/10) желе d (6979 +e) 7) 
24 

ET 


, we get 


арыг, (аш = 1) 
12 
Example 22: Obtain the approximate quadrature formula. 


3/2 1 
(i) | F) dx = 5g PSO S HEU + 5f2)- fO) 
-1/2 


1 
(а) | f(x) de = 13470) + fcm -4G)* fC3)H 
i 


(iii) i го) Lf 2 23f (*23f e» f Оу, if third differences are constant. 


"EL _1 1 1 1 3 1 
(а) T Ро) а = z4fC 3) f Gr зд SC- 


< 
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Solution: (i) Неге we are to obtain a formula in terms of f(0), / (1), f(2), f(3) so the third 
differences are considered to be constant. 


3/2 3/2 T" 
ЇГ” ло] Ш хау) ŽE a? fo) 
-1/2 -1/2 | 


-2 f(0)+ ^ fO)+ А2700) + Cz) АЗЛ) 
-2 £0) + f0- 70) + 5 L0) -2 £0 + f0] 


-g;U 9)-3/0) «3/0 - А0) 
527 FO) «17 0) «5 / @)- /)1. 


(ii) Іп this case we have to derive a formula in terms of /(-3), f(- I), РО), f); 
obviously x; 2 -3 апал =2. 
343 
Now f(x) = А з+3+з)=/[ 34 ^з) 


(3): (822-2) 
2 2 2 3 
+ : АЗ уез) 
considering upto third differences. 

ШЕСІ | сэ ares) 

“1 A ш 

(=) (2-1) 2 (62 (22-3) 
2 2 2g. 2 2 2 3 fi 
T 5 А f(-3)* ё A f за 


Numerical Methods 


182) 
3 
Эл ээ ээх! 3) 
2 
Es oF ox 2 4 
т 4 һи l^ 
P 95? i? 1 
— ,— + 27 — + 27x 8 3 
pija 3 DS a СУ Са Жазы ater 
°| 8 413 212 4 


22 £334 вл fOD 2 (2) a2 eo (1) АЗ к 
=2f(-3) +5 6A f( 3) + 2. (5)А n 3) 4-0 274 f(-3) 


-2f(-3)*3Lf(-) - f( 3)-21/0) 2 f(-D* f(-3)] 


EX 3 f ()+3f(-1)- f(-3)] 


ад 
12 
1 


215 USPC) + fO - 1/6) FC 31]. 


[- f(-3) +13 f(-)) € 13 f() - f(3)] 


(111) In this case хо = s апал =1. 


Рох) =f [- - -х- 1) [from f(x + nh)] 


2 ЕХ+@/?) s|- 1) = (1+ AyE02) Д- z) 


а) раа) ЕЕ 8,4 


(+2)(*-2)(=-2) 
+ NEL АЗ f (- 1) considering upto third differences. 


*36)-706)-(6)-/ C3) 


н қ — 
= З х — — oN 
= Z Т | MIN cela 

А ч NIN eo " S қ | / wily 
IN . кй "I pi 
— AX “Ы2 a ж“; 
as Ww e^ e У | ~ n n 
e g < < 22) m — |с 
ДЕ) E cis х т My ы 
` = a. ——— 
ш = eil E rei “- 
= нэм! H e^ тт. чы, 
м | |< N e 
. ми | | | + 
So MERE n ala = — --- 
ele a> -- 1641... oN = —-ho FIN SIN 
== со le —— + + 4 — ~ 
Cra ala emm NIN 2 [9 со [еч + 
тре E ч “| ©, У 
== < me} ME + sa 
ч, | — ,— --- аа Е | |е | 
i жт Т, олы а O бё 
oed IN | лт + + | бш, = 215 
со | сч N 7 A E PEN ELI 
ONIN 4 + e 
WY Wu | --7 ele «| 51 “арч 23: 
У ss is F | + 
о к-ин-- | — қай =| eja Me =| 
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4 SNP Lom © l / лээ IN 
GIR m eo [еч c. Я [еч T 22-23 
Миы a na) | сч 22) тэ, “InN 
ss =N — = а + eo [e 
e^ —’ + nn l cd 
ж-- N N 2 
N UO ж-қ со [еч IN „|с 2251 
Е + е + в T => 
| SN. + eo lex 
Coa uem E = N м 
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/ Problem Set $ 
3 4 
Calculate the approximate value of | X dx by using (i) Trapezoidal rule, 
-3 


(ii) Simpson's rule, by dividing the range in six equal parts. 
[B.C.A. (Kanpur) 2006] 


Use Simpson's rule dividing the range into ten equal parts, to show that 


Ї log (1+ x?) 


5— =0.1730. [B.C.A. (Lucknow) 2002, 2008] 
o (lox?) 
6 " 
Use Simpson's d rule to find Í 2 БЖ 
3 0 (1+ x) 
5 4 
Evaluate | 2) dx by dividing the range into eight equal parts. 
TX 
3 


12 dy 
Evaluate Í — by numerical methods. 
x 
3 


/ E 
Use Simpson's rule to prove that log, 7 is approximately 1.958 using | LA 
х 
0 


І 
Evaluate | x? dx by Simpson's Y rule. [B.C.A. (Agra) 2010] 
0 


2 " 
Find approximate value of | 23 Бу using Simpson’s Rule. 
x 
0 


2 
Use Simpson's Y rule to find value of f f(x) dx given 
1 


Use Simpson’s а rule to find the approximate area of the cross-section of a river 


80 metres wide, the depth y (in metres) at a distance x from one bank being given 
by the following table: 


; ] 
[Hint: Area = = [00 + ye) +4(y + уз + y5 + yj) %2(у + ул + у6)1 


= - [3 + 4 (36) + 2 (33)] =710 sq. metre] 
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11. 


12. 


13. 


14. 


15. 


(185; 
Prove that if f(x) is continuous function whose fifth differences are constant, then 


+1 
| Јо) de =$ fO + 2070.6) + f{-V 0.63]. 
= 


Obtain the approximate quadrature formula 


n 3 1 
| f(x) dx =n ls FO + zz 09 f0) -5 f) + fw) | 


200 
Evaluate | and compare with the exact value. 


100 
(i) If f(x) is a polynomial of degree 2, prove that 
1 
| fe) а= 21570) + 8/0) - 70). 
0 


(ii) Prove that [ fa) de BSO 8/0) - f(D]. 
0 


2 

Use Simpson’s rule with two, four and ten intervals to evaluate | 2 dx = log 2 апа 
1 

compare with log 2 20.693147. 
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98 


OOO 


EXE 22 


Chapter-8: Solution of Linear Equations 


Unit-4 


Chap t er 


Solution of 


Linear Equations 


8.1 The Elimination Method by Gauss 


А 7 ehave seen that any system of linear algebraic equations can be solved by the use 
V of determinants. If the order of the determinant is large, then the evaluations 
become tedious. To avoid these unnecessary computations, from the practical computation 
point of view, various mathematicians have tried to develop simpler and less time 
consuming procedures, and various methods for solving system of linear equations have 
been suggested. 
4]] X] + 413 X2 +... + Aln Xn =b] 


йуу X] + 09 X9 +... + lp Xn =b 


dy] Х| бүр XQ + ..+ Any Xn = 0, 


One of the most important methods is the so called Gauss-Algorithm, which is a systematic 
elimination method. In this method, for solving (1) we proceed step wise as follows: 


First Step: Elimination of x, form the second, third ,..., nth equation. We assume here that the 


order of the equation and the order of the unknowns in each equations are such that 
а #0. The variable хү can then be eliminated from the second equation by subtracting 
(a; / ауу) times the first equation from the second equation, (as; /a; 1) times the first 
equation from the third equation etc. This gives new system as follows: 


411Х1 4412 X2 +... + Ay Xn =b] 


495 X9 bas а, Xn =} 


, , EM 
442 X) +... a yg Xy m DA, 
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Second Step: Elimination of хо form the third ,...., nth equation (2). 


If the coefficient a^» ,...,4^,,, in (2) are not all zero, we may assume that the order of 
equation and the unknowns is such that 499 #0. Then we may eliminate хә from the 


third, fourth,..., nth equations of (2) by subtracting. 


(а'зз /a’99 ) times the second equation from the third equation, (a’49 /a’99 ) times the 
second equation from the fourth equation etc. The fourth steps are now obvious. In the 


third step, we eliminate хз and in the fourth step, we eliminate x4 etc. 


By successive elimination, we arrive at a single equation in the unknown x, which can be 
solved and substituting this in the preceding equation we obtain the value of хүр). In 
this manner, we find x, when the elimination is completed. Also when the elimination is 
complete, the system takes the form 


011Х| Ж 012 557 +...+Cln¥n =d]; 
C99 X9 cT... 09, X, =d 
2272 2n^n "2 Triangular form. 


Сур Ха = dy, 


In this case, there exists a unique solution. The new coefficient matrix is an upper triangular 
matrix, the diagonal element cj; are usually equal to 1. 


8.2 Gauss-Seidel Iteration Method 


[Lucknow 2008] 


This is the modification of Jacobi's method. As before the system of equations: 


aix by сү2-4, 
а) x+b pte 2-4) (1) 
(3X + b y + ¢3 Z = d3 


can be written as 


1 
x = — (4 -h У7-01 2), 
4 


1 
Joc а: (2) 
2 
1 
z 5 — (da -ax — bs y) 
з 


Let us start with initial approximations xo, /0,20 for x, y,z respectively. Then substituting 


У-.)02-20 in the first of the equations (2), we get 


1 1 
x 22d —b yo =°] zo) 
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Then putting x = x, Z = ду іп the second of the equations (2), we have 


i -(20) 


1 
лыу (dy -mx 
Next substituting x = x, уз эр in the third of the equations (2), we get 


1 
4 = > “з -аух® - yt) еїс. 


Note: Jacobi and Gauss-Seidel methods converge for any choice of the initial 
approximations if in each equation of the system, the absolute value of the largest 


coefficient is greater than the sum of the absolute values of all the remaining 


coefficients. 


SOLVED EXAMPLES 


Example 1: Apply Gauss-Seidel iteration method to solve the equations 
20х + y -2z x17,3x -20y -z 2-18,2x-3 y + 20z = 25. 


[B.C.A. (Meerut) 2002, 2005, 2010; B.C.A.(Kanpur) 2006, 2012; 
B.C.A. (Avadh) 2008] 


Solution: Select x, y, z from above equations respectively, we have 


x=- 07- +22) sall) 

=z 18-3382) 249) 
1 

Жан -2x-3y) 2.(9) 


First Iteration: Putting y = ур,2 = д0 is (1), we get 


xD -gg 07-2 +22) 20.8500 


Putting x = 00), z = ду in (2), we have у = 58018 320 +29) =-1.0275 


Putting x = xf), у= y( in (3), we obtain 20) = = (25 -2 xt) +3 y®) =1.0109 


Second Iteration: Putting y = D.z = 20) in (1), we get 


2) 1 1 1 
х0) -35 07 - of +2277) =1.0025 


Putting x = х0) 2 = aD іп (2), we get эр = aso 18 -3х9) + 20; = – (0.9998 
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Again putting х = х0), у= у? 


їп (3), ууе һауе 


20) = - (25 -2x) +3 y?) 20.9998 


Third Iteration: 


2) = 5517-Ж? +22?) =1.0000 


Ж? = 18 - 3x0 + 2?) =—1.0000 


29 =>; 03 -2х0) +3 yẹ?) =1.0000 


Now the values in the 2" and 3" iterations are nearly the same,so we stop here. Hence 
the solution is x 21, y 2-1,z =1. 
Example 2: Solve the equations: 
104 - 2% - x3 - 14 = 3 

-24 +10 - лз - x4 =15 

-4 - хә +1023 -2x4 =27 

-4-4 -2x +1014 =-9. 
By Gauss-Seidel Iteration Method. [Rohilkhand 2009, 2012] 


Solution: Rewriting the given equations as given below: 


xj =0.3+0.2x3 +0.lx3 +0.1х4 (1) 
хә =1.5+0.2 x4 +0.1хз +0.1x4 2-2) 
х3 -2.7-01х +0.lx9 +0.2х4 (3) 
x4 2-0.9 +0.14 0.19 +0.2x3 ..(4) 


First Iteration: 
Putting x9 20,x4 20,x4 =0 in (1), we get 49-03 
Putting х0) =0.3 X3 -0, ХА -Оіп (2), we obtain х0) =1.56 


Putting x -0.3, x9) =1.56, x4 =0 in (3), we obtain xf) -2.886 


Putting x =0.3, x9) =1.56, x0 = 2.886 in (4), we get xD --0.1366 
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Second Iteration: 


Putting xf? =1.56, x$) =2.886, xD = 20.1368 in (1), we obtain x? =0.8869 

Putting x =0.8869, х1) =2.886, x!) =—0.1368 in (2), we obtain х 2) =1.9523 

Putting x? =0.8869, х0) =1.9523, X =- 0.1368 in(3), we have x? =2.9566 

Putting х0) =0.8896, х0) =1.9523, x?) =2.9566 in (4), we get x? =- 0.0248. 
Third Iteration: 

Putting x) =1.9523, x2) =2.9566, x?) = 0.0248 in (1), we have x) =0.9836 

Putting x) =0.9836, x2 =2.9566, x?) =-0.0248 in (2), we get x) =1.9899 

Putting x) =0.9836, х) =1.9899, x) = -0.0248 in (3), we get xf) =2.9924 

Then putting х0) =0.9836, x? =1.9800, x) =2.9924 in (4), we get 

x? =-0.0042. 


Fourth Iteration: Proceeding as above, we readily obtain 

x 20.9968, xf?) — 1.9928, x - 2.9987, xf? = - 0.0008. 
Fifth Iteration: 

х0) 20.9994, x) 21.9997, х0) 22.9997, x?) --0.0001. 
Sixth Iteration: 

х0) 20.9999, x? — 1.9999, x) 22.9999, x) = 9.0001 


Hence, the solution is xj 21, хә =2, x3 =3,x4 =0. 


Example 3: Solve 10x-7y+3z+5u=6, 
-6x+8 y-z-4u=5, 
3x+ у+42+11и=2, 
5Х-9у-22-4и-7. 


Ву Gauss's Elimination method. 
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Solution: The Given system can be written as 
х-0.7у40.3:40.5и-0.6 
—-6x*8y-z-Auz5 (1) 
3x у+42+11и=2 


5х-9 у-22+4и=7 


The variable х сап be eliminated from the second, third and fourth equations by 
subtracting (— 9) times the first equation from the second equation, 3 times the first 
equation from the third equation and 5 times the first equation from the fourth equation 
and thus new system becomes 

x -0.7 у+0.32+0.5и= 0.6 

3.8 y+0.8z-u=8.6 
31у-341:49.5и-0.2 
-5.5у-3.52-1.5и-4 


(2) 


In this system, coeff. of у is maximum (numerically) in fourth equation, so now, we shall 
permutate the second and fourth equation. 


After that y is eliminated: 
x-0.7 y c0.3z € 0.5uz0.6 
у * 0.6363z – 0.27275 и= -0.72727 
– 1.618182 + 0.03636и =11.36364 
1.127272 + 10.34545 и-2.45455 


ЖЕ) 


Further elimination of z gives 
x-0.7 у+0.32+0.5 и=0.6 
y * 0.63636z -0.27273u 2 0.72727 
z -0.02247u = - 7.02247 
10.3607947и-10.37079 


These give и=],2=-7, y=4 and х-5. 
1 1 
Example 4: Solve x+ 227 + 37 =], 
1 1 1 
= + — + — =0, 
25737747 
1 1 1 : PDT 
3 x+ a yt 5 2 = 0, by Gauss' s Elimination method. 


х+— ilg 1 

2773 

1 1 1 

лала + — ——— 1 
i4 1-5 0) 
dolos 

127 45.3 
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Now, we shall eliminate y from the third and fourth equations. 
Subtracting second equation from third equation, we immediately get 
х- l y + т 2-1 
277477 
1 1 1 
zs дс ү ак 2 
127712457 2) 
-— ` 
180 6 
This gives z 30, y 2-36,x 29. 
Example 5: By Gauss's Elimination method, solve 
(i) 5x— у-22 =142, 
x-3y-z--30 
2x - y -32 = - 5. [B.C.A. (Bhopal) 2002, 2008, 2013] 
(ii) x+4y-z=-5,x+ у -– 62 =-12;3x- y -z = 4. 
Solution: (i) Elimination of х from second and third equations, we get 
5х-у-22= 142 
_14,_3,__292 87 
5 5 5 
EN UNES 
6 5 0003 
Further eliminating y from the third and fourth equations, we get 
5x- y-2z =142 
14 3 292 
Са Эл RN шс 2.(2) 
5 5 5 
1477 7 
This gives x 239.2 approx and y =16.7 approx. 
(ii) Ме have 
x+4y-z=-5 CL) 
x+ y-6z2-12 (2) 
Зх-у-2-4 (3) 


Eliminating x from (2) and (3) with the help of (1) 
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[(2) - (1) and (3) -3 (1); we get 
-3 y-5z--17 44) 


-13 y+2z=19 44(5) 
ы 13 
To eliminate y let us operate (5) s [4] 
> — =—— ...(6) 


Then substituting backwards, we get z = (148/71) (from 6), 


7 5(148) 81 
E acu = from 4), 
хан ЕЭ 71 (omg 
and tsj 281 ,148 117 
ТЕ 7n 71 


Example 6: Solve the following system of equations by Gauss Seidel Iteration Method. 
[B.C.A. (Agra) 2006, 2008, 2009, 2012] 


27x* 6y -z = 85, 
бх+15 у *2z = 72, 


x+ у + 542 =110. 


Solution: We solve each equation of the system of the unknown with the largest 


coefficient in terms of the remaining unknowns viz., 


r= 5585-6 y+2) 

-| (72-6х-2>) 

7515 | 

4 ---(110-х-у). 
ап 2 54° x — y) 


Starting with y 20,z = 0, we obtain 


х-х)- T =3.15 = first approximation. 


Now putting x = 3 .15,2 =0 in the second equation, we get 


y = (1/15) (72 218.90) 23.54 = y") = first approx. 
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Again putting x 23.15, y = 3.54 in third equation, we get 


2-20 = (1/54) (110-3.15 —3.54) =1.91 = first approx. 


Now, we 2. to obtain the second approximations. 


= (1/27) [85 -6 yO + 20] = (1/27) [85 -21.24 +1.91] =2.43, 
2 -0/15) [72 -6x?) -2z®] = (1/15) [72 -14.58 - 3.82] - 3.57, 
= (1/54)[110 - XO — 21 = 1/54)[110 -2.43 -3.57] 21.926, 
Similarly, 
3) = (1/27) [85 -6 y? + 2? 22.426, 


3) = (1/15)[72 -6x®) 2201 23.572 
-(1/54)[110 2 x9) – 901 21.926 
These values are sufficiently close to х "А y9, ) 20) receptively. 


Hence the values 2.426, 3.572, 1.926 can be considered as the solution of the Given 
System. 
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[туут Set / 


Apply Gauss’s Elimination Method to solve the following system: 
(i) 16x -19x +40x3 -17x4 = 89, 
82x, +42x3 +32x3 -8x4 =73, 
55x; -35x9 +45x3 -25x4 = 67, 
7X, +19x3 +33x3 +85x4 =111. 
(ii) Элу —x9 -2x3 -142, 
-3x3 -x3 =-31, 
2x) —x9 -3x3 -5. 
Apply Gauss-Seidel Iteration Method to solve 
10x+ y+z=12, 


2x+1l0y+z=13, 
2x *2 y *10z =14. 
a з тз ү 
1.00 1.00 
1.00 


1.00 


Solve by Gauss-Elimination Method 
2x+ y+4z=12, 
8x -3 y * 2z =23, 


4х+11у-2 «33. [B.C.A. (Lucknow) 2007, 2011] 


Solve the system of equations 
2х-3 y+10z =3, -х+4у+22 =20, 5x &2y tz --12 
By Gauss-Elimination Method. 


Solve the following system of Linear equations, using Gauss-Elimination Method: 
X T 6x9 + 3x3 =6 
2х +3x9 +3x3 =117 


аху + ху) +2 x3 =283. [B.C.A. (Kanpur) 2010] 
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10. 


(199) 
Using Gauss-Seidel Iterative Method and the starting solution xj = x9 = x4 -0, 
determine the solution of the following system of equations in two iterations. 

10x, 2x9 -x3 «8 

xj £10 ху x4 =12 

Xj = x9 +1023 =10 


Compare the approximate solution with the exact solution. — [B.C.A. ( Agra) 2003] 


Using Gauss-Seidel Iterative Method, find the solution of the following system: 
4x, —x9 + 8x4 226 
5xj t 2x9 -x3 26 
xj -10x9 +2203 = -13. 


upto three iterations. 


with initial values (4.67, 7.62, 9.05) upto two iterations. 


Solve the following system of equations by Gauss's Elimination Method: 
10x, 7 7x9 * 3x4 +5x4 26 
-6х + 8х9 — x4 -4x4 =5 
Зх + x9 +423 +11хд =2 


эх -9x3 -2x3 t Axa =7 [B.C.A. (I.P.U.) Delhi 2002] 


Using Gauss-Seidel Iteration Method find the solution, correct to three decimal 


places of the Linear system 
7X, +52x9 +13253 2104 
3xj + 8x9 +29хз -71 
83x, +1 1x9 -4x3 = 95 


with (х0, х0, х9) = (1.145,1.846, 1.821) upto two iterations. 


Solve the Given System of equations using Gauss Elimination Method with partial 
pivoting: 
x- y+3z=13; 4x-2y+z=15; -3x-y+4z=8. 
[B.C.A. (Meerut) 2004] 
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A WSEAS 


i) xı =-1.339, хә =2.5, хз 20.288, x4 = – 8.61 
ii) xj =39.378,x3 =17.17,x3 =18.86 approx. 
11 x = > ах P: жә 


29 |х-1163,у-1.14,2--0.77 


a 


=72, хә =-13, хз =4 


pem ooo 
: а 


5,Х9 =4, x4 2 —7, X4 


EE 1.06, y =1.37,z 


xz2,y-2-2,zz3 


OOO 


Chapter-9: Solution of Differential Equations 


Unit-5 


Chap t er 


Solution of 


Differential Equations 


9.1 *Picard's Method of Successive Approximations 
[B.C.A. (Avadh) 2004; B.C.A. (Agra) 2003, 2005; B.C.A. (Bhopal) 2000, 2001, 2008, 2013; 
B.C.A. (Rohilkhand) 2008, 2012] 
Consider the following differential equation: 
dy 


d = f(x, y); initial condition is that y= yọ at x = xo. 


Integrating the above equation between the limits Хо and x, we get 


J x х 
| dy= | fes ds or J- Jo =| fle rar, 
Jo Хо Хо 
у= уо + IMS у) dx. 2201) 
Хо 


For a first approximation, we replace y and ур in f(x, y);for a second, we replace it by the 
first approximation, for a third by the second and so fourth. 


x 

Now first approximation, P = yo +f Жо, yo) dx, ...(2) 
Хо 

imati Q). 1 O) ae: 

Second approximation, y“ = yo | f(x, pS’) dx; vss) 
Хф 
x 

nth approximation y” = yo +f f (x, yD) dx, with PU = уу 
Хо 


*Picard was a distinguished professor of Mathematics at the University of Paris famous for his 
researches on the theory of functions. 
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As a matter of fact, the process is stopped when the two values of y viz. ут!) and ҮШ аге 
sensible the same i.e. they are same to the desired degree of accuracy. 
Picard’s method is of considerable theoretical value. In general, it is unsatisfactory as a 


practical means of approximation because of difficulties which arise in performing the 
necessary integrations. 


Note: Each approximation gives a better approximation of the required solution than 


the preceding one. 


SOLVED EXAMPLES 


Example 1: Find the solution of z = 1+ xy which passes through (О, 1) in the interval 
x 


(0, 0 .5)such that the value of y is correct to three decimal places (use the whole interval as 
one interval only). Take h = 0 .1. 

[B.C.A. (Meerut) 2010; B.C.A. (Kashi Vidhyapeeth) 2007, 2010, 2012; 

B.C.A. (Agra) 2002, 2010] 


d 
Solution: We have m =1+ xy; giving f(x, y) =1+ xy. 
dx 
and y-latax =0; giving Jo =1 anda =0. 


Now first approximation, 


х х 
0 = уу + ео) de f {1+ (хуу) dx 
Xp 0 


: 2 
=1+ Í (l+x) dv 214 x 4 — нх) 
0 2 


Second approximation, 


Я х х 
JP = уу+ [fle yO) de = + [ 00d 
0 0 


x 3 2 3 A 
=1+ | ТТ + РР ЕРИ ЕИ Даг За (2) 
0 2 2 3 8 


Third approximation, 


2 3 4 5 6 
a ae к ИЕТ жЕ rl ..(3) 
2 3 8 15 48 
When x=0, у=1 ie, y =1. 
When x 20.1, y =1.105, y? =1.10533. 
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But we want accuracy up to 3 decimal places. 
Therefore when x=0.1, y=1.105. 
When х=0.2, 0 =1.202, у) =1.2027. 
Therefore when х=0.2, y=1.203 
When x 20.3; у® =1.345, у) =1.35501, 39) =1.3551. 
Therefore when xz0.3,y z1.355. 
When x 20.4; y 21.48, y) =1.50453, y? 21.5052. 
Therefore when x z0.4,y z1.505. 
When x 20.5; y® 21.625, у?) 21.6744725 and у?) 21.6765 
Therefore, we have у-1.677 when x 20.5 


Now we tabulate the results as obtained above. 


1.203 1.355 1.505 


Thus we have solved numerically the given differential equation for 


x 0,0.1,0.2,0.3,0.4,0.5. 


Example 2: Use Picard's method to approximate y when x = 0.2, given that y = Ywhen 
х-0 and w =x- у. 

dx [B.C.A. (Meerut) 2012; B.C.A. (Agra) 2003; B.C.A. (Avadh) 2003] 
Solution: We have f(x, y)=x- у, хо =9, yo =1 


x x 2 
Now first approximation, 29 = Jo +f F(x, уо) dx =1+ І (х-Цах- > -x-4l. 
Xo 0 


Second approximation, yÊ) = yo + Ї fx, y) de = 14+ [| {х-(у) ®}ах 
Xp 0 


Third approximation, уб) =1+ І : y (x, уФ) dx =1+ І : (x = у®) dx 
0 0 


x 3 4 ) 
=1+ Í хъ -x +x-l| d=- +x +] 
0 6 3 
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Fourth approximation, 


4) au Шал” 
yu =1+| f(x yo’) de =1+ (х- у 3)) dx 
|; J, 


x $ 43 
=1+ | x-> +% 2x re 
0 24 3 


— $= — 
120 12 3 


Fifth approximation, у?) = =r] f (x, y d dx 214 [ (x - ye) dx 
0 


Eh 5 3 . 
=1+ | 20 ай ax x? +2х-1|4х 
01120 12 3 
3 


i e x5 ox 2 
=— -—+ —-—+ x -x+lete. 
720 60 12 3 


When x 20.2, we have 
yo =1, y? 20.82, у) -0.83867,у  -0.83740 


y =0.83746 and у9)-0.83746, ie, y 20.837 at x =0.2. 


Example 3: Use Picard’s method to approximate the value of y when x = О .1, given that 
y - lwhen x =0 and (dy / dx) =3x+ y. 


Solution: We have f(x, y)=3x + ау =0 and у) =1. 


Now first approximation, 


y = yg +] fe opacis | (3x + yo?) dx 
Хо 


x 2 
=1+ Í Gees ажал 
0 2 


Second approximation, 


x 
®=+ | foa 


x x ? 
=1+ | [3х+{у®}7]дс=1+ | (28 хэлд ear өза а 
0 0 


9 
эс эгж 


3 4,4 3.5 2 
20.4 


X -t—XxX -*—x^-tx-«l. 
3 2 


Ж. 
Third approximation, уб) =1 “| [Sx + QUO] dx 
0 


400. 740 80 4 
,1157 6136 5.125 4.23.3 
180^ '240^ 12. 


x 
=1+ Í (20 po 27 9 TH a 17-7 


+ 6x? Sas 


3 i Di ial E i . 
»olution of ifferential quations (207) 


51 01 27 Р А pai ЭЭ „7,62 6 


~ 4400 : 400 240 32 1260 45 
ru аг aaa] 
12 12 2 


When x=0.l,we get у =1, y® =1.115, y? 211264, у) 21.2721; 
> y=1.127 at x=0.1 


Example 4: Use Picard’s method to approximate y when x = 0 .l given that y =1, when 


x = 0 and йу da 
dx y+x 


[Bhopal 2002; Avadh 2005] 


Solution: We have f(x, y)= лэ ‚хә 20, yo =1. 
yx 


Now, first approximation, 


D- ы Б 
J ж" Л (хуу) dx "| 


Ж. 1-х 
o l+x 


dx 


yp) -1« 2 log (1+ x) - x3j 21- x +2 log (1+ x) 


: x хт 
Second approximation, у) = х +f f (x, Фу Ах-і1 +f 1—2х +2 log (l+ x) 
хо o 1+2 log (1+ x) 


* х 


o 1+2 log (1+ x) 


х e t gt 
=1+x-2 | de +2 | dt, 
01-24 01-24 


where t = log (1 + x) which is difficult to integrate. 


=l+x-2 


When x=0, y-l. 
When x=0.1, y” =1-0.1+2 log (1.1) 20.9828 
у) = сап not be obtained. 
Hence in this example, only first approximation, which is 0.9828, can be obtained. 
Example 5: Use Picard’s method to approximate y when x = 0.1, x = 0.2 given that y =1 
when x =0, T = х+ y. Check the result with the exact value. 
Solution: We have (dy / dx) = f (x, y) 2 x * y, xy =0, yo =1. 
Now first approximation, 


х 2 


у® = yg + | лозов] (1+ х) dr 214 x 4 
х 0 2 
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—Ó Тт ғы сат 
Second approximation, y^^ = yo + | f(x, y) dx =1+ х- ээ? х+1|ь4х 
Xo 0 
-(03/6) cx? e x41. 
3 


х 3 4 
Third approximation, уб) = ур + І ү + 5 +x +х+ Js = A + cm +x +х+1. 
0 


0) (0.1)? 
When x =0.1,we һауе y HP S =1.105 


у) =1+ (0.1) + (0.1)? +20.) =1.11016 
y9 =1+0.1+ (0.1? eg (01° * = 0.08 =1.1103 


Closer approximation. 
When x =0.2, we further have 
уб) = 4 (9.25 +2 (0.2)3 + 0.2)? 40.2 +1=1.2427 
24 3 

We can continue further to get the better approximations. 
Now, we shall obtain the exact value 

dy dy 

— 223 + А => ——— = 

a ^ à дын 

NUNT : : > dy JP dx 

This is linear differential equation of the form ЕР + Ру = О, whose LF. =e and 


solution is y .(LF.) -| Q(LF.) dx * c 


> ye? net te=-e “(1+ х)+с 
> у=-х-1+се*. 


Putting y 21,x =0, we obtain 


1=-1+с 2 c=2, лоуз-х-164267 
When х-04, у-2001-041-1-111034. 
When x20, у-202-0.2-1-1.2428. 


These result reveal that the approximations obtained for x = 0.115 correct to four decimal 
places while the approximation for x 20.2 is correct to three decimal places. 


Example 6: Approximate y and z by using Picard's method for the particular solution of 
dy dz 2 


=x+z,— =x- y. 
dx dx 4 
Given that y = 2, z =l, when x = 0. 
[B.C.A. (Meerut) 2006, 2008; B.C.A. (Avadh) 2004] 


Solution: Let f(x, y,z)=x+z and ф(х,у,2-х- у>. 


Хо -0, yo -2,20 zl. 


d 


= оу) э у= ШЕ 220) 
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: dz * 
Again, we have T -ф(х,у2) = 2-20% І $ (x, y, z) dx ...(2) 
X Xp 
Now, first approximation of y is 
X » 4 
0 =v “Т f(x, ур,20) 4х 22 “Т Жо, 0.20) [using (1)| 
Ж. 
-2«[ одеса +х+ (2. 2). 
0 
Also, first approximation of z is 
X 
20 =z) + 1 ф(х, Jg. zo) dx [using (2)] 
. 2 
=1+ | (x -4) dx 21-4x 4 (x^ /2). 
0 
Hence the second approximation of у) and 20) are 
? x 
9 - + |, fle 20) ae 
х 1 х à 
-2«[ (x +z )) de =2.+ | x-1-4x 4 — |dx 
0 0 2 
-24x-(3/2)x? € (01/6) х3 


and 20) = Zo + [| ф(х, у®, 20) de =14 [ [х zy dx 


-1-4х 222 =з (x*/4) (х? /20). 


9.2 Euler's Method 
[Agra 2003, 2006] 


Euler's method, as such, is of very little practical importance, but illustrates in simple 
form, the basic idea of those numerical methods which seek to determine the change A y 
in y corresponding to small increase in the argument x. 


Let the differential equation be 
d 
F = fixy), where y= yọ at x 2x9. se) 
Again let y = f(x) be the solution of (1) and let its graph be 


as shown in the adjoining diagram. We want to find out the 


value of y at x = L,say. For this divide the interval / — x9 in n’ 


equal parts. Let xj, x»,...... , X4. be the intermediate points. 
O Ao A Anı LX 
OL=1, ОАр=х) 


Fig. 9.1 


в Numerical Methods 
210! - 


Now, in the interval (ду, х) we have an approximate relation. 


dy 


n-m- (2) = (ху = хо) f (9. Jo) 
хэлд 


л = Jo + hf (xo, Vo) 


dy MR B 
t 0- s =| — E Á 1 
апе = /(20, 30) 2). Bo R 
= 
BR JA-Jo A p 
БУК xy- ^ 
Во A 
> Jp 9 yo th(A y/Ax) R 
= Jo + hf (х0, Yo) Fig. 9.2 


This yj is approximate value of y for x = x. 


On the same lines, the approximate value of y at x = ху is given by 
J2 = Jy t hf(xo +h, y) = уу +A у) -40) 
Repeating this procedure n times, we get 
Jy e, LK) = Jit hf (ху +(n-1)h, уул) = yg + hf (xy, Yn-1) 
This is Euler’s Method. 


Note 1: A great disadvantage of the above method lies in the fact that if y changes 


rapidly over an interval, then its value at the beginning of the interval may give a poor 
approximation as compared to its average value over the interval and thus the value of 
Jy calculated from this may be in much error from its true value. Errors of this type will 
be accumulated in the succeeding intervals. Finally, value of y becomes so much in 
error that it is completely useless. 


Note 2: In Euler's method, the actual solution curve is 
approximated by the sequence of short straight lines, and 
sometimes the sequence of short lines diviates from the 


solution curve significantly. To avoid this difficulty. 


Euler's improved method is preferred as there we consider o m 1 i 
: : А Хх X X9 х ХХ 
the curvature of the actual curve instead of approximating OL=1, OAE% 
the curve by the sequence of short lines. с 
y q Fig. 9.3 


Example 7: Solve the equation T = 1— y with the initial condition x = 0, y = 0 using 
x 


Euler's method and tabulate the solutions at x = 0.1,0.2,0.3. 


[B.C.A. (Meerut) 2005, 2007, 2008, 2012; B.C.A. (Purvanchal) 2006, 2010; 
B.C.A. (Bundelkhand) 2008] 


Solution: We have f(x, y) -1— y 
Let h=0.1, хо-0, yo 20, we find 


JA = Jo +h f (xo, Yo) 
=0+ (0.1) (1-0) 20.1 
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у(0.1)=0.1 


Also J2 = n+ Оо лж) 
=0.1+ (0.1) 1-0.) =0.1+0.09 =0.19 
y (0.2) 20.19 
Again J3 = Jo + f(x», уз) 
=0.19+(0.1) (1-0.19) 
-0.271 
y (0.3) 20.271 


The tabulated values are 


Example 8: (i) Given z = Z" with the initial condition y =l atx =0. Find y for 
х у+х 


x=0.1. [Agra 2003; Avadh 2003] 


(ii) Using Euler’s method, find an approximate value of y corresponding to x =1, given 
that (dy /dx)=x+ y and y =\where x = 0. 


Solution: (i) We have 


dy y-x 
Z= = оу), x» 20, =1,h=0.1. 
275 Жа, у), xo 70 ! 
Hence the approximate value of y at x 20.lis given by 
1-0 
= уу + (хо, =1+0.13——}=1.1. 
JA = Vo + lif (хо, Yo) 1201 


Much better accuracy is obtained by breaking up the interval 0 to 0.1 into five steps. 


The approximate value of yat x4 =0.02 is given by b 


JA = Jo thf (xo, Jo) 


=1+0.02 1-9 .1 0200, 
140 


й= 99.99 
5 


The approximate value of y at xg =0.04 is given by 


JB = JA + hf (xA. YA) 
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1.02 -0.02 
=1.0200 +.02 957 -94 ы x4 =0.02, y4 =1.02 
1.02 +0.02 иг JA ) 


=1.0200 +0.02 17 =1.02 +0.0192 =1.0392. 


The approximate value of y at xc; 20.06 is given by 


1.0392 -0.04 
Jc = ув + hf (xg. ув) 21.0392 +0.02 


1.0392 +0.04 
| xg 20.06, yg 1.0392] 


EA -1.0392 +0.02 (0.926) 


=1.0392 +0.02 
1.0792 


=1.0392 +0.0185 =1.0577. 


The approximate value of y at xp =0.008 is given by 


dpud азы ны аста. 
Jc + хс 
-1.0577 + 0 02 L-2372 
(1.1177) 


=1.0577 + 0.02 (0.893) 21.0577 4 0.0179 21.0756. 


The approximate value of y at xg -0.118 given by 


ex 
JE = Jp + hf (xp. ур) = Jp ^j 20-20 
JD + хр 
1.0756 -0.08 0.9956 
= 1.0756 +0.02 ——————— = 1.0756 + 0.02 0:2290 
1.0756 +0.08 1.1556 


=1.0756 +0.02 (0.862) 21.0756 + 0.172 =1.0928. 


(ii) Let us take n=10; л=0 .1 (sufficiently small). Then various calculations are arranged as 
follows: 


NCC x+ y = (dy/dx) Old y + 0 .1 (dy /dx) = new y 


1.00 + 0.1 (1.00) = 1.10 
1.10 + 0.1 (1.20) = 1.22 
1.22 + 0.1 (1.42) = 1.36 
1.36 + 0.1 (1.66) = 1.53 
1.53 + 0.1 (1.93) = 1.72 


1.94 + 0.1 (2.54) = 2.19 
2.19 + 0.1 (2.89) = 2.48 
2.48 + 0.1 (3.29) = 2.81 


( 
( 
( 
( 
1.72 + 0.1 (2.22) = 1.94 
( 
( 
( 
2.81 + 0.1 (3.71) = 3.18 


Thus the required approximate value of y 23.18. 
< 
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9.3 Improved Euler's Method 


In this method, we consider a line passing through 
(хо, yo) whose slope is the average of the slopes at 
(ху, Jo) and (х, yi) such that 0 = yo + (хо, yo). 
Geometrically, А 1 is the tangent at (xo, yo) . DT» is 
the line through (ху, 4) having slope (ху, 4) and 
DT is the line having slope 


f (xo yo) + / (ху, i) 
2 


The line AT through (xo, ур) and parallel to D T is 


used to approximate the curve ie., the ordinate of Fig. 9.5 
point B will give the value of yj. Obviously, the 


equation of the line ABT is given by 


(1) 
Xo; + f(x, 
yoy ca) шин LL | NT 
As we are assuming Ау B = yj ,so co-ordinates of B will be (xj, yj). This point lies on the 
line AT, so we have 


(1) 
Xo, + f(x, 
Ji -Jo оао шинигиинин 0-9) ЫН EM | 4402) 
Continuing further, we get 
(m Im) + f en Jma) 
Jn 7 Vn = (Хуа — Xy) мн 
Л 

or J'm-l = Vm + 2 tf (Xy; Jn) * Í (Хи +1 ‚Ут 40» 
where Xm4l —%m =h 449) 


which agrees with the term obtained by the integration of y’= f(x) using trapezoidal 
rule. 


9.4 Modified Euler's Method 


[Bangaluru 2004, 2007] 
Starting with the initial value yg an approximate value for yj is computed from the 
relation 


d 
PAD = уу th (2) = yo + f (xo, Jo) ^ ...(l) 
MEET 


where (dy / dx) = f(x, y) and yy is the first approximation of y at x 2 xj. 
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After obtaining the value of x, we substitute it in the differential equation. 


(2) = f(x, y), so as to get the approximate value of (2) at the end of first interval viz., 

х 
dy її 1 
=| = fan) e) 
E: 1 


The improved value of A y is then obtained as given below: 


d 
A у = [Mean value of 2 at the end of the interval xo to x] л 
x 


() 
No 
=o С 1), ...(3) 
2 


Hence, the second approximation for y is given by 


(1) 
2 dx X, dx x h 1 
PESE шини. + z Lf бо» Jo) + f (xo +h, )] ...(4 


The improved value y? is now substituted in the equation y Жос, у), so as to get 


dy 


second approximation for (2) viz ., 
1 


ay) 
(2) = f (4, 9) --6) 
І 


The third approximation for у is therefore given Бу 


d. mu 
de), (ж 
2 


х ] 
З) 0 ! h= yo + SUF Q9: Jo) + F(x +h, y®)] ...(6) 


л) = yo + 


The process is stopped, when the value of yr) and y? are essentially the same 


dy 1 dy (1-1) 
ах), Ах 


x } 
n” = у + — == Jo +5 Lf G9. Jo) + f(xy +h, y 07)] (7) 


First approximation to y», y3,...etc., could be found by means of formula. 


d Р | 
Улы = Jg th - , but as soon as two consecutive values of y are known, the first 
x 
n 


approximation to succeeding y's can be obtained more accurately by the formula 


Xn 


d j 
Р] = In-1 + 24%) = ул *2h y, --(8) 
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Proof of (8) is not given here but is obtained by making use to Taylor’s series in the 
neighbourhood of ху. 


By repeating this process, we can obtain the approximate value of y at x =1. 


Geometrical Illustration: For the improvement of this method over Euler's method. 
A y by Euler's method as computed is represented by Y 
R M. If Bo N is drawn parallel to the tangent at By, 
then R N denotes the computed value of A y by using 


OA xo 
Bi OA, =x, 


the slope at Bj . But if we take the average value of the 
slopes, then the computed value of (A y/Ax) 


becomes 
(2) =) 
Ay_ Хо хү 
Ax 2 O X 
Ay Aj 
A) (2) | Fig. 9.6 
2 | ах), Ах х | 
where Л-д-Х0 
(o) ү 
Хо х | 
= tan + hand} 
= 5 [By R tan 0+ Bo R tan N Bo R] 
= 5 [RM + RN] 
Hence A y - 5 [RM € RM + MN] - RM +“. 


which is in close approximation with its true value R Bj. 


Example 9: Given: a =x- у? , y (0.02) = 0.02 Find y (0 .4)by modified Euler's method 


correct to 3 decimal places, taking h - 0.2. 
[B.C.A. (Meerut) 2011; B.C.A. (Gorakhpur) 2008, 2011] 


Solution: We have f(x, y) =x- yx =0.2, yọ =0.02 andh 20.2 
Let xj = 0.4 then we have to find y, = y (0.4) 
Now Fao ж) 2 39 - 26 20.2 - (0.02)? 
=0.2 -0.0004 20.1996 
I) = yo + hf (x9, 0) =0.02 + (0.2) (0.1996) =0.060 
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2 
Again fores Lt | -0.4-(0.06)? =0.3964 
2 h 1 
л ! eo + 5 Uf (0.30) + fOr Jt I 
0.2 
-0.02 += [0.1996 0.3964] -0.0796 «0.080 
Again f(x, 38) = y - [y ? 20.4 – (0.08? -0.3936 
3 h 2 
Л БОХ 1/0030) + FO It УІ 
0.2 
-0.02 «77^ [0.1996 « 0.3936] = 0.07932 -0.079 
Again f(x, 3) = y - GP? Y? 20.4 - (0.079? -0.3938 


(4) 


=0.02+ 40 1996 + 0.3938} 


=0.0793 «0.079 
Since у = yl, theref 0.4) 20.07 
JI Jj > therefore у (0.4) 20.079 


Example 10: Given that z =x+ y, with the 
x 

initial condition that y =1, when x =0. Find y for 

x = 0.05, and x = 0 .1. Give the correct result upto 


four decimal places. 
Solution: The given differential equation is 


Part y= јо), say. 


Initial condition is Хо -0, yo =1. 


Y 


) 
XP =y +5 (flo Jo) + Хоа, nO} 


An 


x, 20.05 
x92 ОА" = 0,1 


4 Fig. 9.7 
This gives (2) = ху + у =0+1=1. 
dx 0 
Now, y = yo + flxo, жу) xh 214 (0+ 1)(0.05) =1.05, 
dy o 
(2), = f(x ©) = + ©) 20.05 +1.05 =1.10 
228) 
dx dx . 
ne = yo “Ла рат 0.05) -1.0525, 
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d 
The second approximation to (2) is 
x 
dy Q) 
(2) = f(x, y 2) = (ху + д) =0.05 +1.0525 =1.1025, 
x 
1 
Now the third approximation to y; is 


2.8 
deJa (а) 11414025 
2 


h=1 (0.05) = 1.05256, 


The third approximation to (2). is 
x 
dy (3) 
(2) = f(x, y) = + д) =0.05 +1.05256 =1.10256, 
x 
1 
The fourth approximation to yj is 


ЕЗИ 
deJa (ах) 11110256 


(4) = 2—20 ЭЭЛ еј 
Jo + 2 1 


(0.05) -1.05256. 


It is obvious that P - y^ ‚ 80 we stop here and say that 


y -1os256 (2) =1.1026 
dx Ji 


As a first approximation to y» , we have 


y = yy *2.h (2) =1+2 (0.05) (1.1026) =1.1103 
І 


PRON 
dx}, Хак)» 


2 


[Using equation (8) of article 9.4] 


Now y? =y th 
1.1026 + (0.1+1.1103) 


= 1.0526 + (0.05) : =1.1104. 
(2) 
and (2) -0.1 4 L.1104 21.2104 
dx 2 
dy) (av? 
dx), (а), 
Then y? 9 = у Миа 
1.1026 + 1.1104 
= 1.0526 + 0.05) 1020 T 1-110409) сүл 


Hence y? = 9) =1.1104. 
This shows that the value of y at x =0.1,is у-1.1104 


Also (2) =0.14+1.1104 21.2104 
ах)» 
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Collecting results in the tabulated form, we have the following table: 


Example 11: Given that “т = log (x+ y), with the initial condition that y =\when 


х-0, find y for x = 0.2 and x = 0.5 by using Euler's modified method. (Арта 2000] 
Solution: Let x 20, ху 20.2and x 20.5 then yọ = I, while yj and y» are to be computed. 
Here Жо, y) = log (x + y), 2 f(%9, yo) = log (D 20 
Now, iU = yo + hf (xo, yo) 214 (0.2) (0) 21 (2 A20) 


(1) 
(2) = f (x, 10) = log (x + 10) =log (0.2 +1) = log (1.2) 
1 


men 
470 ; а) пел. шы ышын душ, 


zl 


log (1.2 
4 эко (0.2) =1+0.0079 =1.0079, 


Q) 
Now. (2) = f(,, 40) = log (x, + 0) =log [0.2 41.0079], 
1 


228 
ёс), (ж) “0410 (0.2 1.0079) | 
2 


nO = yo + h=1 5 (0.2) 


=1+0.0082 =1.0082, 


8) 
(2) = (ху, 18) = log(x + 9°) =log (0.2 4 1.0082) 
1 


Ах 
(2) (8). 
ах) ХАХД , 9*log(0.2 41.0082) 
2 


XO = yo + h=1 7 (0.2) 


=1+0.0082 =1.0082. 


It is obvious that ҰЛЫ, = A9, so we stop here and say that y, 21.0082. 
To obtain y», the value of y at x 20.5, we again make use of equation 
290 = yp thf (xj, у), giving that 
y» =1.0082 +0.3 log (0.2 + 1.0082) 21.0082 € 0.0246 =1.0328. 
(2 h=0.5 -0.2 20.3 here) 
To improve this estimate of р», we have 


(2) (5), 
d d 
y = y 4 SATA 


) 
J2 2 d 


Solution of Differential Equations 


219 

а +100125 log (хо + y9"))} (0.3) 
ое TUIS (0.51.0328) (4) 
=1.0082 + 0.0401 21.0483. 

2) й өр 

dx}, Хах), 

Now y 9 = у p—— — 

qe _ eg (0.5 +1.0483)} 9 5) 


=1.0082 + 0.0408 =1.0490. 


Another time, the value will not change and hence it is taken as the value of y at x 20.5. 


/ € wem Фе4-1 | 
l. Using Euler's method, find approximate value of y when x 20.6 of (dy / dx) 21-2 xy, 


given that y 20 when x 20 (take л 2 0.2). 


2. Using simple Euler’s method solve for y at x 20.1 from (dy /dx) 2 x * y+ xy, 
y (0) =1, taking step size // 20.025. 


3. Apply Euler’s method to solve y' 2 x + y, y (0) 20, choosing the step length 20.2 
(carry out 6 step). 


0.4748 1.1448 


9.5 Runge-Kutta Method 


[B.C.A. (Agra) 2003, 2005, 2008; B.C.A. (Lucknow) 2005, 2008, 2010] 


Actually, Taylor's series method of solving differential equations numerically involves lot 
of labour in finding out the higher order derivatives. R-K method then was introduced and 
does not require the calculation of higher order derivatives and also gives greater 
accuracy. R-K method only requires the functional values at some selected points and 
agree with Taylor's series solution up to term in h” where г differs from method to 
method and is known as the order of that method. 


» 
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9.5.1 R-K Method of First Order [Agra 2007] 
By Euler’s method, we have y» )- = yo + ЛР (хо, yo) = yo th yo where (dy / dx) = f(x, y) 
Also expanding by Taylor's series method, we have 
Ji = у say = yo (x+h) 
= yo +h yo + (IP /21) ур +02 13!) y 


4 


This means that Euler’s method agrees with Taylor's series solution up to the term in A. 
Hence Euler's method is nothing but R-K method of the first order. 


9.5.2 R-K Method of Second Order 


By modified Euler's method, we have 
) 
15915511 у) + бо +h )] m 
Putting yj = yo + hf (x9 , yo) in the R.H.S., we get 
JA = Jo ae 210 + f (xo +h, yo +hfo)] where f(x, 00-00 .-0) 


Again Y= y (xo +h) 
= yo +h yh + 02/21) yo + (03/31) у + 


By Taylor’s series and 
of of Р 3 
f Go +h, yo +h fo) =f (xo, yo) + h|] — | +h fo|—] + terms having J£? , Ji etc. 
d x Jo ду) 


n Relation (2) 


= жел еле 421157 + O(n)? 
2 x ду 
= +h f+ /2 ДЕ £) 25 (52) Ir 
J 
201 4 ди диф _ du 
= yi = yo +h fo +Ê an| FFI) + | > agnt 
= yo +h уб 402 /2 ЖЕ 
= yo +уф +02 /2!) yt +О(?) 2.3) 
Also J| = yo (x +h) 
= yo thyp +02 /2!) уу +000) NC 


From (3) and (4), we see that the modified Euler's method is in agreement with Taylor's 
series solution up to the term in 12. Thus, we can say that the modified Euler’s method is 
nothing but R-K method of second order. 

< 
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Working rule 
К-К method of second order is yj = yo + - (ky + ko) 
where k =f (хо, yo), о = АР (xo +h, yo +h) 


9.5.5 R-K Method of Third Order 


To find the increment k of y corresponding to an increment л of x by К-К method from 


(dy / dx) = f(x, y) where y (xo) = yo, we proceed as follows: 


Calculate kh =hf (xo, yo), ko 2 hf |» + 2, Jo + a 
kg -Л 0 +h, yo +k’]; 
where k' =hf [xo +h, yo + k ] Finally compute 
1 
Jı = Vo To +45 + kg) 
9.5.4 R-K Method of Fourth Order (or Simply Runge-Kutta Method) 


To find the increment k of y corresponding to an increment Л in x by К-К method from 


(dy / dx) = f(x, y), y (x9) = yo ; we calculate: 


1 =hf (xo, yo), ko ES +2 +da] 

k ZI 22 231 = hf [x +h, у + ky | 

S — 0 $5 0 2 м4 = 0 » JO 3 
and finally БОГ +2 kz + k4]; so that yj = yo +k. 


Example 12: Apply Runge-Kutta fourth order method to find an approximate value of y 
when x = 0.2 given that (dy /dx)=x+ y and y =\when х = 0. 
[Agra 2004; Meerut 2002] 


Solution: хо =0, yo =1, h=0.2, f(xo, yo) =1 
Hence, we get Қ = Л (xo, Yo) =9.2 x1 20.2000 
ko = (хо ТИТ 231 =0.2х f(0.1, 1.1) 20.2400 
kz = hf (хо 22 Yo +20) =0.2 х f(0.1, 1.12) 20.2440 
апа k4 = (хо +h, yo +18) =0.2 х f(0.2, 1.244) = 0.2888 


=> k= _ (ky +2Ь +25 + k4] = - (0.2000 + 0.4800 + 0.4880 + 0.2888) 


= 2 x1.4568 =0.2428 


Hence the required approximate value of y = yo +0.2428 =1.2428 
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Example 13: Apply Runge-Kutta method to find approximate value of y for x -0.2,іп 
steps of 0.1, if (dy / dx) = x+ y?, given that y = 1 where x = 0. Given f(x, y)=x+ эр, 
[Agra 2003] 


Solution: Let us choose Л = 0 І and calculate various values as follows: 
Step 1: 0-0, yọ 2L 120.1 
— Қ =hf (ху, yo) 40.1 fF (0,1) 20.1000 
ky =hf (хо +S ha 231 =0.1 f(0.05,1.1) 20.1152 
kz = hf (xo ӨЗІ ZI =0.1x f(0.05,1.1152) 20.1168 
k4 =hf (x9 +h, yo + kg) 20.1f(0.1, 1.1168) 20.1347 
and БОГ +2 kg + ky) 
= = (0.1000 +0.2304 + 0.2336 « 0.1347) = 0.1165 


So that y (0.1) 2 yo +k =1.1165 


Step 2: 2 x5 +h=0.1, y =1.1165,h=0.1 


> k = hf (3, 9) 20.1 f(0.1,1.1165) 20.1347 


ky = hf (x, shen > А) =0.1 f(0.15,1.1838) =0.1551 


ks = hf (x, shea 5) =0.1/(0.15,1.194) =0.1576 


ky = hf (xy +h, yo ky) =0.1f (0.2, 1.1576) =0.1823 


and ke +2 by +28 +) =0.1571 


So that y(0.2)2 y +k =1.2736. 


dy y -а2 
Example 14: Using Runge-Kutta method of fourth order, solve — = =з—у with 
dx у + E 


у(0)-14 x -0.2,0.4. 
F-X} d 


Solution: f(x, y) = - 
fG y) PT a 


To find y (0.2): 
We have ху 20, yo 2L 5420.2 
> К =hf (хо, yo) =0.2 f (0,1) 20.2000 


ky =hf ( e 5 lh o + 5h )=0.2 f (0.1, 1.1) 20.19672 
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Solution of Differential Equations _ баз) 


kz = hf ( ЛЭГ 5%|-02 04, 1.09836) 20.1967 
k4 = hf (xo + h, yg + kg) 20.2 f(0.2, 1.1967) 20.1891 
and k= (hy +2 hy +2 hy + hy) 
== [0.2 + 2 (0.19672) + 2 (0.1967) + 0.1891] 20.19599 
So that y (0.22 yọ +k 21.196). 


To find y (0.4): 
We have xj 20.2, y 21.196, h=0.2. 
— k = Л (ху, y) 0.1891 


ko =f (meh naz Ан 02703. 1.2906) 20.1795 
kg (л+л) 02 f (0.3,1.2858) 20.1793 
ky =hf (xj +h, yj +05) 20.2 f(0.4, 1.3753) 20.1688 
and БОГ +2 kg + ky) 
= = [0.1891+2 (0.1795) + 2 (0.1793) + 0.1688] -0.1792 


So that y (0.4) = yj +k =1.1964+0.1792 =1.3752. 


і Problem Set-2 | 
1. Using Runge-Kutta method of order 4, find у(0.2) given that 
(dy/dx) =3x+5 у) =], taking h =0.1. 


2. Find by Runge-Kutta method an approximate value of y for x=0.8, given that 
у 20.41 when x 20.4 and (dy/dx) = N (x + y). 

3. Given that (dy/dx) = o? -2х) IO +x) апа y=] as x =0; find y for x =0.1,0.2, 
0.3,0.4 and 0.5. 


4. Using Runge-Kutta method of order 4, find у (0.2) for the equation 


4/..7-5 y (0) 21 Take & 20.2. 
dx yx 


5. Using Runge-Kutta method of order 4, compute у (0.2) and y (0.4) from 
10 y =x py , J (0) =1, taking h 2 O.1. 


[B.C.A. (Agra) 2006; B.C.A. (Meerut) 2003, 2008, 2012] 
b 
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1.0911, 1.1677, 1.2352, 1.2902, 1.338. 


1.0207, 1.038 


Example 15: Using Runge-Kutta method of order 4, find y for x = 0.1, 0.2,0.3 given 
that (dy /dx) = x y + y^, y(0) - 1. 


Solution: We have f(x, y 2x y+ ж -(4у/4х). 
Step 1: To find у(0.1): 
We have 0-0, yo =LN=0.1 
> k =hf (хо, yo) = (0.1) f (0, I) 20.1000 
=hf ( +20 ШАЛЫП f(0.05,1.05) 20.1155 
kg =hf (s EIN eg )=(0.1) f(0.05,1.0577)=0.1172 
k4 =hf (xg +h, yg + k3) =O.) f(0.1, 1.1172) 20.13598 
and koc +2 hy +2 hy +k) 
== (0.1+0.231+0.2343 +0.13598) =0.11087 
> yOD=y = yo tk 21.1169. 
Step 2: To find y (0.2): 
We have xj 20.1, yp 21.1169, h=0.1, 
— k =hf (3j, уу) = (0.1) (0.1, 1.1169) 20.1359 


ДЕ EIN, Е f(0.15,1.1848) 20.1581 


ks = hf (s тыл + - ЕШ f(0.15,1.1959) 20.1609 


ka =hf (4 +h, уу +6) 2 (0.1) fO.2, 1.2778) 20.1888 


S қ у ial E : + 
Solution of | ifferential [ quations 25) 
and БОГ 514) 20.1605 

> y(0.2) = yo = y tk =1.2773. 

Step 3: To find y(0.3): 


x) 20.2, yp =1.2773, h=0.1. 
=> k =hf (x2, у») = (0.1) f(0.2,1.2773) 20.1887 


ky ЛЕ 292 +h} =.) f0.25,1.3716)=0.2224 


kg =hf |» EIN 21352 f(0.25,1.3885) 2 0.2275 
k4 — hf (ху +h, yo +) 2(0.1) f(0.3, 1.5048) 20.2716 

and 1-24 +205 +2 kg + м) -0.2267 

> y (0.3) = ya = yo +k =1.504 


Example 16: Solve the initial values problem (dy /dx) = x – y", J (0) 2 1 to find y (0.3) 
by using Runge-Kutta method of order 4 using step value h = 0 .1. 


Solution: f(x, y) 2x- ЭР, 
Step 1: То find у(0.1): 


xo 20, yo =1, h=0.1. Let us now compute 


ky = hf (ҳо, yo) = (0.1) f(0,1) = –0.1000 


L 
2 


%-М(% 5 Jb +h }=0.1) f0.05,0.95)=-0.08525 
ЭГ 


ky =hf (хо +h, yo + 5) =(0.1) (01,0.9137)--0.07341 


hf | xo 5 Jb i; - (6-0 f(0.05,0.9574) = -0.0867 


and к= = (h +2ky 428 +) - 0.0833 


y(0.1) = д = у) +k =1-0.0833 =0.9117 


Step 2: To find у(0.2): 
xj =0.1 y 20.9117, 120.1 
> k =hf (x, y) = (0.0) f (0.1) f (0.1,0.9117) =-0.0731 
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ko ЕЛ6 ENT eg he (0-0, 0.15,0.8750- -0.0616 
kg ЛЕ ӨЗДІ! +h) =(0.1) /(0.15,0.8809)--0.0626 
k4 =hf (xj +h, yj + k3) (0.1) f(0.2, 0.8491) =-0.0521 
and к= (д +2 Ку +2 kg + k4) =- 0.0623 
> у(0.2) = y =y +k =0.8494. 


Step 3: To find у (0.3): 
хә 20.2, y) 20.8494, h=0.1. 
> Қ =hf (x2 , уу) =(0.1) /(0.2,0.8494)--0.0521 


ky = hf [s EIN egh)-(-n /(0.25,0.8233)--0.0428 


kg ЛЕ ӘЗ) +20)-0.) /(0.25,0.828)--0.0436 


ky =hf (хо +h, yo %1)-(04) /(0.3,0.8058)--0.0349 


and k == h +2 + 2ks + k4) =- 0.0438 


y(0.3)= yg = yo +k -0.8061 


9.6 Simultaneous Differential Equation (First Order) 


Simultaneous differential equation of the type 


A E 
and FS eate) 2.(2) 
Ах 


With initial conditions y (x9) = yo and z (x9) = zo can be solved by the methods discussed 
in the preceding sections, especially Picard's or Runge-Kutta method. 


9.6.1 Picard's Method 
We have N= Jo ЯЛЛ Z =20 ЗОЛ 


J = Jo +[ ӨРЕЛІ 2) 20 + foc, nade 


J3 = Jo уар) 23 -20 ЗЭЭ ete. 
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9.6.2 Runge-Kutta Method 
Starting initially (хо, yo , 20) and taking the step-sizes for x, y,z to Бел, k,l respectively, 
the Runge-Kutta method is 


k = hf (хо, Jo 29) 
1 =h(x0, Jo. zo) 


1 1 1 
Кә xi xw ыы M у!) 
Б =ho (x 334 m Z plij 
25 Хо +» > YO 215907271 
е os LA EE io) 
3 wt | JO д 22350722 
h =ho (x ТЕЛ” у PEUT. 2 ХЭ 
сн ots 0 ts 70 +50 


ky =hf (xo +h, yg +h .2Z +b) 
l4 =ho(x +h, yo + ks ,zo +b) 


J = yy (+2 +2 kg + ky) 
1 
апа 6-49-12 +2 h +1) 


To calculate уз and 29 we simply replace xo, yo, zo, by xj, 71,2 in the above formulae and 
proceed. 


Example 17: Using Picard’s method, find approximate values of y and z corresponding to 
x =0.1, given that y (0) = 2, z (0) = land (dy/dx) = x + z, (dz/dx) = х- y 


d 
Solution: xy =0, yo 22, zo =1. Now 7 = Р(х, ру) = х+2 


dz 


qoo Ge eee 
x 
x 
= y=] F(x, ра) dx 
50 
x 
and 2-20 +f $ (x, y, z) dx. 
х0 


x x 
First Approximations y, = yo +f f(x, 2) dx =2 + І (х-1)4х-2 exer 
X) 0 


x x 
and 4-2%| 00,50) de =1+ | Е Р РЕЯ 
х 0 2 
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Хз: 
Second Approximations уз = yo -f f(x, yp za) dx 
х0 


х Р 3 

-2«[ pics Б аза e 

0 2 2 6 
x x 1 3 7 3 xt op 
dz = -f Ey @=1+ | (2+ xz x y]dx-l-AxaZ x) i2 -^—-2—. 
and 2) = Zo Bij Jp Z) й [х-(2+х 2% yl x 57 х 4 20 


x 
Third Approximations уз = y +f Р(х, уә,29) dx 
х0 


=2+х 32 is ij ENS | 6 
2 2 


X p 
and 23 =20 [ә (59,2) dee 14x32? +213 у ZI +226 xU ete. 


Thus at x 20.1, we have yj 22.105, y, 2 2.08517, уз -2.08447 
zı -0.605,22 20.58397, 24 20.58672 


Thus the correct to 4 decimal places, we have y (0.1) 22.0845, z (0.1) 20.5867. 


9.7 Differential Equation of Second Order 


Consider a second order differential equation as 
d?x 
— = o[x, (dx/dt), t), t 
TE = ols, (de/di), t), t) 


Under the initial conditions x (tọ) = xy and x'(t9) = x9 . This second order equation can 


be reduced to a system of simultaneous differential equations of first order as follows: 


Take T. to be y їе, ony or х'= у my 
dx 

d — = (JSt (2 

ап ООА (2) 


Initial conditions being (х) 5:0 апа (у) ын хі. 


It is worth noticing that an nth order differential equation yields n simultaneous 
differential equations of first order. 


Example 18: Using Runge-Kutta method, solve y" = ху? - Ээ” for x =0.2 correct to 


4 decimal places. Initial conditions are x =0, y =1, y’=0. 
Solution: Let (dy / dx) =z = f(x, y,z). Then = = xz" =y = (x, у,2) 


But 0-0, Yo 2129 20, h=0.2. 
< 
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E 029) 
Then Runge-Kutta formulae become: 
Қ = hf (хо, ¥>20) =9.2 (0) =0 1 -hó(xo, yo. 20) =0.2(-]) 2 -0.2 
ko =hf (хо bs p 20 i2 lj - hà (х x ds pli ibi 
2 2 2 2 2 2 
-0.2(-0.)--0.02 -0.2(-0.999)--0.1998 
kg = А (хо 3 m sin в = hó (x Бур bue cp) 
2 2 2 2 2 2 
-0.2(-0.0999) = -0.02 =0.2 (-0.9791) = -0.1958 
k4 =hf (x9 +h, yo + 18,50 +В) ly = hà (xo +h, yo + k3,zo +) 
-0.2(-0.1958) = -0.0392 -0.2(0.9527)--0.1905 
к= (д +20 2% + hy) БОГ +26 +1) 


= 0.0199 = 0.1970 
Thus at x 20.2, we have 
у= Jo +k =1-0.0199 20.9801 


and y'2z2z9*1-20-0.1970 =-0.1970. 
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Using Runge-Kutta method of order 4, solve у”- у+ лу’, y(0) «1, у (0) «0 to 
find. y (0.2) and y' (0.2). 


Use Euler's method to find y (1) from the differential equation y = = „y (3) 22. 
+x 


Take for each step h=0.1. 


d 
Use Picard’s method to solve m =1+ xy, with ду 22, yọ 20. 


Use Runge-Kutta method to solve y’ = xy for x 21.4. Initially x =1, y =2 (take h 20.2). 
[Bhopal 2002; Agra 2006] 


(i) Integrate for x 20.1,0.2 the following initial value problem by Runge-Kutta’s 
fourth order method. 
y'-2x- y^, y (0) «1 
(ii) Use Runge-Kutta method to calculate the value of y at x 20.1, to five places 
of decimal, after a single step of 0.1 if 


y'20.31«0.25 у+0.3 х2 
апа y=0.72 when х =0. 
dy 


Using Runge-Kutta’s method with third order accuracy, solve p = y-x with initial 
x 


condition y 22, x =0. 


Solve by Runge-Kutta's method 01+ Jy with initial conditions ҳо =0, yo =1 correct 
upto four decimal places, by evaluating upto second increment of y (Take л 20.1). 


dy 


Solve the system of differential equations E =xz+1, 2 
3 


dx 
that y 20 and z =] when x =0, using Runge-Kutta’s method of order four. 


=- xy for x 20.3 given 


By the Fourth order Runge-Kutta's method, tabulate the solution of the differential 
equation 

d р 1 

X-Z 4 (0) =0 

dx 10 y. +4 


in [0; 0.4] with step length 0.1 correct to five decimal places. 

Using Fourth order Classical Runge-Kutta's method for the initial value problem 
du 
dt 
to six places of decimal. 


--24/2, и(0) -1, with 4 20.2 on the interval (0, 1], calculate и(0.4) correct 
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12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


(251) 


4 

Given: m = y-x where y(0) 22, using the Runge-Kutta's Fourth order method, 
x 

find y (0.1) and y (0.2). Compare the approximate solution with its exact solution. 


(024 210517, 2:2 21.2214) 


Apply the Second order Runge-Kutta's method, to find an approximate value of y 
at x 20.2 taking // 20.1, given that y satisfies the differential equation and the 


initial condition 
Jy'exty 
J(0)=1 
Using Runge-Kutta’s method, solve y" = ху? - Л” for x =0.2. Initial conditions are 


at x 20, y «land y’=0 use four decimal places for computations. 


y = xy; y 2, when x =1, use Runge-Kutta fourth order rule to find y at x 21.4 


taking the step length Л = 0.2. 


d 
Apply modified Euler's method to determine y (0.1), given that = ax + y when 


у(0)--І. 


Solve the Initial Value problem y - же 29 y (0) «1 using Runge-Kutta method of 
х- 


fourth order to evaluate у(0.5) in а single step. 
Using Runge-Kutta method, find y (0.2) given that 
dy 2 
—=l1+ y^, y(0) 20. 
d У, y0) 


Use Euler’s method and an interval of  =0.1 to find a solution of the differential 


d 
equation m s^ y! with Boundary conditions y = 1 огх= 0 іпО xxl. 
X 


Using Runge-Kutta method, find y (2), given that y =y- 2 ».У(0) =1. 
b y 


Drive Euler’s method to solve an initial value problem of first order. How can this 
method be improved to obtain Runge-Kutta’s explicit method of fourth order for 


the same problem? Explain. 


When the initial value problem is y’=1+ у? , y (0) «0. Find у(0.6) by Runge-Kutta 
fourth order method (Taking Л = 0.2). 


Find the value of y (1.1) using Runge-Kutta method of fourth order, given that 


9 Ly! «3n 0-12. [take Л = 0.1] 


» 
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St WSAWEUS - Э 


ЕЕЕ = 0.9802, у’ (0.2) =0.196 
{A 


Ёс 
C 
Er [reti химийн 
ЕЕ (0.4) =0.8602978 


H хә 20.2, yy 21.2428 


-0.20133347 
2 Pe ‚9799326 


ООО 


